TAMKANG JOURNAL OF MATHEMATICS
Volume 54, Number x, xxx-xxx, 2023
DOI:10.5556/j.tkjm.54.2023.4085

A New Approach to Mannheim Curve in Euclidean 3-Space

Ali Ucum, Cetin Camci and Kazim Ilarslan

Abstract. In this article, a new approach is given for Mannheim curves in 3-dimensional
Euclidean space. Thanks to this approach, the necessary and sufficient conditions including
the known results have been obtained for a curve to be Mannheim curve in E3. In addition,
related examples and graphs are given by showing that Salkowski and anti-Salkowski curves
can be the examples of Mannheim curves and their mates. Finally, the Mannheim partner
curves are characterized in E3.

1 Introduction

In the Euclidean 3-space E?, a curve is called a general helix if its tangent vector makes a constant
angle with a fixed straight line (the axis of the general helix). According to well-known result
stated by M. A. Lancret in 1802 and first proved by B. de Saint Venant in 1845 (for details see
[4, 5] ) aregular curve is a general helix if and only if the ratio of curvature to torsion is constant.
Also it is known that a curve is called a circular helix if both curvatures &1 and ko are non-zero
constant. Circular helices geometrically appear as geodesic in right cylinders shaped on circle. The
geodesics of a right cylinder, with arbitrary cross section, are called general or Lancret helices. In
addition, Izumiya and Takeuchi have introduced the concept of slant helix having a property that
the normal lines make a constant angle with a fixed straight line. They characterize a slant helix

by the necessary and the suffcient condition that the geodesic curvature

/ 2
K,g == —_— 73/2
) (k3 + k3)
of spherical image of its principal normal indicatrix is a constant function [3]. A family of curves

with constant curvature but non-constant torsion is called Salkowski curves and a family of curves

with constant torsion but non-constant curvature is called anti-Salkowski curves ([1], [9]). In [8],
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Monterde studied some of characterizations of these curves and he proved that their principal nor-
mal vector makes a constant angle with fixed straight line. So that Salkowski and anti-Salkowski

curves are important examples of slant helices.

On the other hand, there exist some kinds of associated curves whose the Frenet frame fields
satisfy certain geometric conditions in the Euclidean space [E3. An example of such curves are
called Mannheim curves, which have a property that their principal normal lines coincide with the
binormal lines of the Mannheim mate (partner) curve at the corresponding points of the curves. It
is known that the curvature functions of Mannheim curve in [E3 satisfy the equality x1 = a(x? +
x3) for some positive constant number a and its parametric equation is obtained in [6] (see also

[7],[11]). Some characterizations of Mannheim curves in E? can be found in [4] and [6].

Let 3 be a Mannheim curve and 5* be the Mannheim partner curve of 3 in Euclidean 3-space
[E3. In the literature, * is given by

B*(f(s)) = B(s) + A(s) N(s) (L.1)

where N(s) is the principal normal vector field of # and f is a differentiable function [4]. With
respect to (1.1), the vector ﬁ must be parallel to V.

In this paper, following [2], we claim that the vector B‘*g does not have to be parallel to
N, which is a special case for choosing the Mannheim partner curve. So we consider that the

Mannheim partner curve of 5* is given by

B (f(s)) = B(s) + u(s)T (s) + v (s) N(s) +w(s) B(s) (1.2)

where {T'(s), N (s), B (s)} is Frenet frame of 3. Here if we take u = w = 0, we obtain the
case is used in the literature. So we give the generalization of Mannheim curves in E3. In this
paper, we obtain the necessary and sufficient conditions for a curve in E* to be Mannheim curve
and give the related examples with respect to this new approach to Mannheim curves. Finally, we

characterize the Mannheim partner curves in [E3,

2 New approach to Mannheim curves in Euclidean 3-space E?

In this section, we will reconsider the Mannheim curves in Euclidean 3-space E3. Also in this

paper, we will consider the case where o # 0 so that the curve can lie fully in E3.

Definition 1. A curve 3 : I — [E? with non-zero curvatures is a Mannheim curve if there is a
curve B* : I* — E3 such that the principal normal vectors of 3(s) coincide with the binormal

vectors of 5*(s*) at s € I, s* € I*. In this case, 3*(s*) is called the Mannheim partner curve of

B(s).
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Let 3 : I — E? be a Mannheim curve in E3 with the Frenet frame {7, N, B} and the non-
zero curvatures k1, k2, and 3* : I* — 3 be a Mannheim partner curve of 3 with the Frenet

frame {7, N*, B*} and the non-zero curvatures 7, 5. Then 8* can be written as
B7(s") = B*(f(s)) = B(s) + u(s)T (s) + v (s) N(s) +w(s) B(s)
where u(s), v (s) and w (s) are differentiable functions on I.

Theorem 2.1. Let 3 : I C R — E? be a unit speed curve with the non-zero curvatures 1, k2. Then
the curve (3 is a Mannheim curve with Mannheim partner 3* if and only if there exist differentiable

functions u, v, w satisfying
uki + v = wke, W' +vKy #0, (1 +u - v/ﬁ) K1 = (w/ + Ulig) K9. (2.1)

Proof. Assume that 3 is a Mannheim curve parametrized by arc-length s with non-zero curva-
tures k1, k2 and the curve 5* is the Mannheim partner curve of the curve 3 parametrized by with

arc-length or pseudo arc s*. Then, we can write the curve 5* as
B7(s") = B7(f(s)) = B(s) + u(s)T (s) +v (s) N(s) +w(s) B (s) (22)

for all s € I where u(s), v (s) and w (s) are differentiable functions on I. Differentiating (2.2)

with respect to s, we get
T f'= (1+u —vk1) T+ (uky + v — wkg) N + (w' + vksg) B. (2.3)
By taking the scalar product of (2.3) with NV, we have
uky + v — wky = 0. (2.4)
Substituting (2.4) in (2.3), we find
T"f = (14+u —vk) T + (v + vke) B. (2.5)

By taking the scalar product of (2.5) with itself, we obtain

(f’)2 = (1+u —wvr1)? + (v + U/iQ)Z . (2.6)
If we denote . , ,
5 = —i_ufl_w and ~ = w;/v’@7 (2.7)

we get
T* = 6T +~B. (2.8)
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Differentiating (2.8) with respect to s, we find
['KiN* = 6T + (6k1 — yk2) N ++/B. (2.9)
By taking the scalar product of (2.9) with N, we get dx1 — yk2 = 0, which implies that
(1 +u — vm) K1 = (w’ + ’Ulﬁlg) K9 (2.10)

where w’ + vkg # 0.

Conversely, assume that /3 is a curve parametrized by arc-length s with non-zero curvatures
K1, ko and the conditions of (2.1) hold for differentiable functions u, v, w. Then, we can define a

curve 5* as

B*(s*) = B(s) +u(s)T (s) +v(s)N(s) +w(s)B(s). (2.11)

Differentiating (2.11) with respect to s, we find

dp*
ds

= (1 +u — Um) T+ (w’ + UIQQ) B. (2.12)

which leads to that

. <dﬁ* d6*> _ m (W' + k) VKS + K3 (2.13)

ds ’ ds K1 ’

where m1 = sgn (w' + vk2). Rewriting (2.12) , we obtain

T = "V (ka7 + k1 B), g¢(T"T") =1. (2.14)
N
If we put
miko miki
M =—F=—= and M= ——v=,
\/H%-i-:‘i% \/n%—i-/i%
we get

T = M\T + X\B. (2.15)

Differentiating (2.15) with respect to s, we find

ar* N 5
=T+ =B
N T
which cause that
!
2 [ K

-] - OO + 00 _ g =y _ et (3)
1 ds* f/ f/ (/ﬁ% —|—I€%) f/ (K% + K%) 5 .
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where my = sgn (kok)| — K1K%). Now, we can find N* as
N* = M2 (T4 keB), g(N*,N*) =1, (2.17)
K] + K3
Now, we define B* as

B*=T* x N* = —myN, g¢(B* B*)=1.

Lastly we find
dB* 2 2
Ky = — Nt = TIVELERS g (2.18)
ds* f!
Then * is a Mannheim partner curve of 8. Thus (3 is a Mannheim curve. O

If we take u = w = 0 in Theorem 2.1, we get the conditions of classical Mannheim curves in

the literature with the Mannheim partner curve 8* given by

B7(s) = B(s) + v (s) N(s).

Corollary 2.2. Let 3 : I C R — E? be a unit speed curve with the non-zero curvatures k1, Ko.

Then the curve [ is a Mannheim curve with Mannheim partner [3* given by
B7(s) = B(s) + v (s) N(s)
if and only if there exist real number v satisfying k1 = v (k3 + K3) .

Corollary 2.3. Letf: I C R — E? be a general helix with the non-zero curvatures k1, k2. Then
3 does not have the Mannheim partner curve liying fully in E3 (or the Mannheim partner curve is

a straight line).

Proof. Assume that 8 : I C R — E? is a Mannheim general helix with the non-zero curvatures
K1, k2. Then the ratio k2/k; is constant which implies from (2.16) that K] = 0. Then 8* is a

straight line. O

Corollary 2.4. Let f : I C R — E? be a Mannheim curve with the curvatures K1, ko and the
curve 3* be a Mannheim partner curve of 3 with the curvatures k7, k5. Then 3* is a general helix
if and only if 3 is a slant helix.

Proof. Assumethat: I C R — [E? is a Mannheim curve with the curvatures x1, k2 and the

curve 3* is a Mannheim partner curve of 3. Then from (2.16) and (2.18), we have

!/

K (HQ) K3
—=—-mma | — | —————.
* 3/2

K K 2 | .2
2 1 (k] + K3)

So /3* is a general helix if and only if /3 is a slant helix. O
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In the following example, we give a Mannheim partner curve of a Mannheim curve in E3.

Example 1. Let5: I C R — E? be a Mannheim curve with the curvatures 1, k2. Then the
conditions of Theorem 2.1 are satisfied. Assume that v = vy € R. Then we can find

uK1 = wke and (1 +u — vom) K1 = (w’ + vomg) K2,

which implies that

() —m (o (4 6) — )

/ /
K 2 [ K
a () ()

Thus we obtain the Mannheim partner curve 5* as

w =

k2 (vo (K1 + K3) _KI)T—I-U()N-{—UO (51 + £3) — k1

/ 7
2 [ k2 K2
i (3) a (3)

In the following example, we give an example for a Salkowski curve which is Mannheim curve.

B.

B =B+

This example is new in the literature.

Example 2. Let us consider the Salkowski curve in E? given by

785v/25—s2 cos(\/%arcsm( ))4—\/7(2852—625) sm(\/%arcsin(g))

2860 ’
6 (S) — \/%(625—2832) cos(ﬁarcsm( ))+788\/25 S sm(\/%arcsin(g))
2860 )
25—2s2
4v/26

with the curvatures k1 = 1 and k3 = s/v/25 — s? and the Frenet frame as
—v/25—s2 cos(\/% arcsin(%)) . s sin(\/% arcsin(%))

5 5v/26 ’
T — scos(\/%arcsin(g)) V25—52 sin(\/%arcsin(g))
5v/26 - 5 ’ ’
2
~ V26

N — <5s1n( 6arcsm(§)) _5cos(\/%arCSin(§)) 1 )

scos(\/%arcsin(g)) 25—s sm( 6arcs1n(§))
5 ;
B = \/25—s2 cos( 6arcsm(§)) ssm( 6arcsm(§))
5v/26 + 5 )
_ V/25—s2

V26

If we take vo = 0 in Example 1, we obtain the Mannheim partner curve 3* as follows
3(265\/ 25—52 cos(\/Ti arcsm( ))-{—\/7(252—25) sm(\/% arcsin(%)))

2860
6* (S) — 3\/%(257252) cos(\/% arcsin(%))Jr?Ssv 25—s2 sin(\/%arcsin(g))
2860 )

125—652
4/26
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with the curvatures
5 25

—_— and I{* e —————
351/25 — 52 27 35y/25 — g2

K] =
the Frenet frame as
T - <sin (\/%arcsin (%)) cos (\/%arcsin (%)) B )
V26 ’ V26 ’ ’
N* = (— cos (\/Tiarcsm (5>> , — sin (ﬁarcsm <5)> ,0)
<5sin ( 26 arcsin (%)) 75cos ( 26 arcsin (%)) 1 )
V26 ’ V26 T V26)

It can be easily obtained N = B* which implies that 3 is a Mannheim curve whose Mannheim

m
D

B* =

partner curve is 5*. Here 3* is a general helix.

Figure 1: The figure contains same graphics from two different aspects. The red graphic is 5 and
the black graphic is 5* in Example 2. (For interpretation of the references to color in this figure legend,
the reader is referred to the free web version of this article.)

In the following example, we give an example for an anti-Salkowski curve which is Mannheim
curve. This example is new in the literature.
Example 3. Let us consider the anti-Salkowski curve in E? given by

(24—52)"/? (—144—952455)

37800 ’
B(s) = 5(7560+126052 —189s*+555)
37800 ’
_6(_ : V24—s2 : : V24—s2
5( 2arcsm< NG )+s1n<2arcsm< W )))

with the curvatures k1 = \/2;? and ko = 1 and the Frenet frame as

_— —5%v/24 — 52 (s* — 15) 216 4 108s* — 27s* + s —v/24 — 52
- 1080 ’ 1080 ’ 5 ’
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< 8 V24— (36— 1852 4 ) 1)

N = §——+ Ton? ) )
6 ' 180 180 5

b [y (5104557 +sh) s (24— A (s2-9) s
U 1080 ’ 1080 5 )

If we take vy = 0 in Example 1, we obtain the Mannheim partner curve 3* as follows

V/24—52(—4608+200452 —1785*+55° )

( 50400 o) )
* - 5(20160—3780s2+238s%—5s
g (s) = 50400 ) ’
ol (5\/24 — 52 — 8cosec™ (%))
with the curvatures
17 3(16 — s2) 27 16— 2

the Frenet frame as

_— <s (180 — 3052 + s*) /24— 52 (36 — 1852 + s%) 2\/6>

360v/6 ’ 360v/6 © 5
. V24 — 5% (36 — 18s* + s*) 5 (180 — 30s? + s*)
N = y Y 0 )
726 7216
B N s3 8% V24—s2(36 - 182+ 5Y) 1
-\ 77T T 180 180 "5 )
It can be easily obtained N = —B* which implies that 3 is a Mannheim curve whose Mannheim

partner curve is 3*. Here 3* is a general helix.

Example 4. Let us consider the curve in E? given by

7 (fs) sin s + 2 cos s sin (\/53) ,
B(s) = \/%’ sin (\fs) sin s — 2 cos s cos (ﬂs) ,
% sin s
with the curvatures k1 = sin s and k2 = cos s and the Frenet frame as

(fs) cos s + sin (fs) sin s,

7

T = 7 in (V/2s) cos s — cos (V2s) sins, |,
% cos ()
os (v/2s) sin (v/2s)

C i 1
: :< ‘ﬂ>’

>
>
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Figure 2: The figure contains same graphics from two different aspects. The red graphic is 5 and

the black graphic is 5* in Example 3. (For interpretation of the references to color in this figure legend,
the reader is referred to the free web version of this article.)
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It can be easily obtained that

/ 2
_ ([ h2 k1 -1
7=\ % 2 .2\3/2
1/ (w1 + K3)

So (3 is a slant helix. If we take vy = 0 in Example 1, we obtain the Mannheim partner curve 5*
as follows

—1v/2cos (ﬂs) sin s + 2 sin (ﬂs) cos s,

B*(s)=| —2cos (\/is) cos s — \/2sin (\/55) sin s,
V2 sin s,

with the curvatures

and the Frenet frame as

™ — cos(ﬂs) sin(ﬂs) 1
a V2o V2 TR
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N* = (— sin (\/53) , COS (\@3) ,0) ,
Bt - (_ cos (\/58) _sin (\/53) 1

It can be easily obtained that N = —B* which implies that 8 is a Mannheim curve whose

Mannheim partner curve is 3*. Here 3 is a general helix.

>
) \ A'\v >
ANV

D
A N

NA

Figure 3: The figure contains same graphics from two different aspects. The red graphic is 3
(lying on the hyperboloid #? + y? — 22 = 4) and the black graphic is 3* (lying on the sphere
22 + 9% + 22 = 4) in Example 4. (For interpretation of the references to color in this figure legend, the
reader is referred to the free web version of this article.)

Now we give a method to obtain anti-Salkowski curve in E3. Let 5 : I C R — E3 be a
Mannheim curve except slant helices with the curvatures 1, k2 and the curve 5* be a Mannheim
partner curve of 3 with the curvatures 7, k5. Assume that 5* is a anti-Salkowski curve. Then

from (2.18), for a nonzero constant ¢, we have

2, .2 / 2, 2

«  MiK]+ K5 , 5 o cmy(w +vkg) /K] + K3

ky=—————==c¢ or cf =mi\/ki+K;=

2 1
I’ v K1
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which implies with (2.4) and (2.10) for v = 0 that

K2
L 1 1
u=——"- and w=-— :/nlds.
&) C
K1
So we can give the following corollary.

Corollary 2.5. Let 3 : I C R — [E3 be a Mannheim curve except slant helices with the curvatures
K1, ko and the curve B* be a Mannheim partner curve of 3 with the curvatures K7, K5 as

K2

B =B T~ B

where

K C/i/ 1 ds
2= —CKk1 | —
[ kids

Then B* is an anti-Salkowski curve with k% = ¢ where c € R/ {0}.

Example 5. If we take r1 = cos s, k2 = cos sln (cot (£)) and ¢ = 1, the condition of Corollary

2.5 is satisfied. So for the curve 8 with k1 = cos s, kKo = cos sln (cot (%)), we obtain
B* =3 —sinsln (tan (%)) T + sinsB
which is an anti-Salkowski curve with k5 = 1.

Similarly, we give a method to obtain Salkowski curve in E3. Let 3 : I C R — E3 bea
Mannheim curve except slant helices with the curvatures «1, k2 and the curve 5* be a Mannheim
partner curve of 3 with the curvatures x], k5. Assume that 8 is a Salkowski curve. Then from

(2.18), for a nonzero constant ¢, we have

/ /
— 2 (k2 2 (K2
. maky (m) maky (m) my (W' + vk2) /K3 + K3

— —_ /—_ =
Kl = f’(ﬁf-l-li%) =c or f' =

c (I{% + mg) K1
Then we find

, _ mymg (K2 I{Zf _ mamg (K2 1
W vky = - c K1 2, ,2\32 ¢ K1 2\ 3/2
(5% + K3) (1 I <@) )

which implies with (2.4) and (2.10) for v = 0 that

/
mimso [ kKo 1 K92 R2
w = — <> u=w— and 14+ =uw'—.

c K1 2\ 3/2’ K1 K1
)
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Then, we have

/
K2 K2 K2
W=vw—="+w|—= and o =vw'—= -1,
K1 K1 K1

which causes that

w2 1 mims K9 ! 1
=__5 d = — = — — ds.
: (“—2)/ o (@)/ ¢ /<Fv1) N
: . (1+ ()
Here o
1 mimeo_<
i 5 — K1 + CO
B
K1 C 1+ (Fl)
or

K2 [ K2 !
mi1ms9 K1 \ K1
Cc Ko
1+ (2)

Integrating both side with respect to s, we find

2
mim K K
she = ”(i) *()

So we can give the following corollary.

Do
+
o
S
7N
ZR‘ZR
SN
~~_

Corollary 2.6. Let 3 : I C R — [E3 be a Mannheim curve except slant helices with the curvatures

K1, kg and the curve 3* be a Mannheim partner curve of 5 with the curvatures K7, k5 as

k2

5*:ﬁ_ ~ /T_ B.
()

Then B* is a Salkowski curve with k] = c satisfying

2
one (2 o (2)
1 1

where c € R/ {0} and cp,c1 € R.

Example 6. If we take k1 = s, ko = svVs2—1,¢c = m; = mg = land ¢y = ¢; = 0, the
condition of Corollary 2.6 is satisfied. So for the curve  with k1 = s and k2 = svs? — 1, we
obtain

21 21
pr=p-2—1-Y "B
S

which is a Salkowski curve with k] = 1.
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In the following theorem, we characterize the Mannheim partner curves in E®. So we will

give the necesarry and sufficient conditions for a curve to be a Mannheim partner curve.

Theorem 2.7. Let 3* : I* — E3 be a curve with the Frenet frame {T*, N*, B*} and the non-zero
curvatures k7, k5. Then 3* is a Mannheim partner curve of a certain Mannheim curve if and only

if there exist differentiable functions a, b, c and X satisfying

cHbey=0 1da—bri#0  A=—r}(1+A?) (2.19)

aky + b— cky =\ (1 +a— b/{{) : (2.20)

Here ”” means that derivative with respect to s™.

Proof. Assume that 3 is a Mannheim curve parametrized by arc-length s with non-zero curva-
tures k1, k2 and the curve 5* is the Mannheim partner curve of the curve 3 parametrized by with

arc-length or pseudo arc s*. Then, we can write the curve 3 as
B(s) = B(h(s")) = B*(s") + a(s)T" (s*) +b(s) N*(s") + c(s) B (s7) (2.21)

forall s* € I* wherea(s), b (s) and c (s) are differentiable functions on /*. Differentiating (2.21)

with respect to s*, we get
TH = (1 ta- b/ﬁ) T + (cm’{ +b— cm§> N* + (é + lm§> B*. (2.22)
By taking the scalar product of (2.22) with B*, we have
c+brs = 0. (2.23)
Substituting (2.23) in (2.22), we find
T = (1 ta— zm*;) T + (m{ - m;> N*. (2.24)

By taking the scalar product of (2.24) with itself, we obtain

. 2 : 2
(h’)2 = (1 +a-— b;{{) + <am’{ +b— cmé) . (2.25)
If we denote .
14 a— bk} aki +b— ck}

we get
T =6T* +~yN*. (2.27)
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Assume that 6 = 0. Then we have T" = v N*. Differentiating it with respect to s*, we find
k1N = —ykiT* +yN* + yr3B*,

which implies that ] = 0. This is a contradiction. Thus 6 # 0. Similarly we can find v # 0. So
we obtain
1+a—bri#0

and .
CLK,T+b*CK§:)\(1+d*bI€T>

where A = /0. Differentiating (2.27) with respect to s*, we find
h'k1N = (5 - 7/{”{) T + (5/—;*{ + 7) N* + yr5B*. (2.28)
By taking the scalar product of (2.28) with B*, we get
5—7&T =0 and 0k} +7v=0,

which implies that A= —r5 (1+A2).
Conversely, assume that 5* is a curve parametrized by arc-length s* with non-zero curvatures
k7, k5 and the conditions of (2.19) and (2.20) hold for differentiable functions a, b, cand A. Then,

we can define a curve 3 as
B(s*) = B°(s") +a(s)T" (s7) + b(s) N*(s") + c(s) B (s") (2.29)

Differentiating (2.29) with respect to s*, we find

dp
ds*

- (1 +a— bﬁ{) T + (an’{ +b— c,%;) N*. (2.30)

which leads to that

W= <d5 d5> =y (14a—bw}) VIH A2 (231)

ds*’ ds*

where m; = sgn (1 +a-— b/ﬁ‘). Rewriting (2.30) , we obtain

mi
T=——L1 _(T*+\N*), g¢(T,T)=1. 2.32
1+A2( ), g(T,7) (2.32)

Differentiating (2.32) with respect to s*, we find
dI' — miAkj

ds  WA\1F N2

*
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which cause that

o g _ Mam3Ak; (2.33)
" ds | T v '
where ma = sgn (\) and m3 = sgn (k3). Now, we can find N as
N =mimamsB*, ¢g(N,N)=1. (2.34)
Now, we define B as
maoms
B=TxN=—=(\T"—N7%), B,B) =1.
Viga )» §(8,B)
Lastly we find
dN miKs
—(— B)= —— = . 2.35
o= (B) = (239
Then 3* is a Mannheim partner curve of /3. O

If we take @ = b = 0 in Theorem 2.7, we have the conditions of classical Mannheim partner

curves in the literature with

Also we have

é:O7 )\:—I{T (1+)\2), —CH;:)\.
So we get
drs K} .
B = (rer).

Thus we can give the following corollary. The following corollary can be seen in [6].

Corollary 2.8. Let 3* : I* — E3 be a curve with the Frenet frame {T*, N*, B*} and the non-zero

curvatures k7, k5. Then 3* is a Mannheim partner curve of a certain Mannheim curve given by
B(s") = B*(s7) + ¢ (s) B*(s7)

if and only if there exist real number c satisfying

dks K] .
5 1)
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