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Abstract

In this work, strange quark matter (SQM) and normal matter (NM) attached to domain wall (DW)
matter distributions have been examined for locally rotationally symmetric (LRS) Bianchi-I space-
time has been investigated. The model has been constructed in the framework of f(R, T) theory for
f(R, T) = R+ 2uTwhich is suggested as an alternative gravitation theory instead of Einstein's General
Relativity Theory. Obtained modified field equations have been solved by using scale factors equation
A =B" come from the proportion of expansion scalar  to shear scalar zo*. SQM and NM are added to
DW with the help of equations of state (EoS) p, = %(pm — 4B.)and p,,, = (7 — 1)p,,. Pressure and

energy densities of all matter distributions have been obtained depending on cosmic time t and their
effects decrease by the time. It is found that DW matter behaves like stiff matter due to attaining DW
pressure equal to DW energy density p”" = p". Also obtained values of scale factors and some
kinematic quantities give an expanding universe for the model. Energy conditions and kinematic
quantities of the model have been examined in the last section. In addition, General Relativity
solutions of the model have been attained by assuming ;1 = 0in f(R, T) = R + 2 T. All solutions have
been concluded in detail.

1. Introduction

The evolution of the Universe has always been one of the most important topics for researchers. For many years,
Einstein field equations (EFE) have been used to study and explain this evolution. Einstein propounded the static
universe model by attaching cosmological constant to EFE. However, this addition was inadequate in terms of
some cosmological problems like flatness, the horizon, and the violation of energy conservation. Scientists have
focused on developing Einstein's theory to overcome these problems and suggested some gravitational theories
like vector-tensor, scalar-tensor, bimetric, and scalar field theories [1]. In the last decades, observations of
Supernovala[2, 3], Cosmic Microwave Background Radiation (CMBR) [4, 5], and Wilkinson Microwave
Anisotropy Probe (WMAP) [6] have revealed expansion of the Universe at an accelerating rate. In particular, it is
insufficient to explain expanding universe phenomena with the theory, because of some contradictions such as
red-shift and CMBR. For this reason, scientists have turned to investigation of dark energy representation such
ask-essence, quintessence, and Tachyon or developments of alternative theories to Einstein's General Relativity
Theory (GR). Lyra Theory[7], Brans-Dicke Theory (BD) [8], Barber Theories [9], f(R, T) Gravitation Theory
[10], etc. are given as alternative theory. Especially, besides Harko's theory, f(R), f(T), f(G), f (G, T), etc theories
have been the center of attention to explain expanding universe behaviors with cosmic matter distributions.
Here R, T, and G symbolize the scalar curvature, the energy-momentum tensor trace and the Gauss Bonnet
scalar respectively [11] have gotten solutions of higher dimensional Kaluza-Klein universe model filled with

the perfect fluid matter in framework f (R, T) gravitation theory [12] have studied Kaluza-Klein space-time in
f(R, T) theory with cosmological constant A for perfect fluid matter distribution. Also, anisotropic and axially
symmetric universe for perfect fluid matter has been examined in the framework of f (R, T) gravity by [13, 14]
have get solutions of the modified Einstein field equations (MEFEs) for f(R, T) theory Kantowski-Sachs
universe filled bulk viscous [15] have studied f (R, T) gravity in Godel space-time for perfect fluid matter.

© 2025 The Author(s). Published by IOP Publishing Ltd
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LRS Bianchi-I space-time is a simple generalization of the homogenous-isotropic flat Robertson-Walker
(RW) Universe and defines anisotropy on the system with different scale factors in each spatial direction. The
LRS Bianchi type-I universe is important to examine the possible effect of the anisotropic universe on
observations of late-time isotropic universe [ 16] have investigated anisotropic and homogenous Bianchi type-I
space-time with massive string matter in GR theory [17] have examined the LRS Bianchi-I universe with
imperfect fluid for time variables G and A [18] has gotten solutions of Einstein Field equations (EFEs) for
anisotropic Bianchi type-I model with magnetic field in string cosmology. Bianchi V universe model for bulk
viscous fluid with cosmic string has been examined in f(R, T) theory by [19, 20] has investigated Bianchi type-I
universe in the framework of f(R, T) gravity [21] have obtained solutions of MEFEs in f (R, T) alternative theory
by using quadratic equations of states (EoS). Scalar field solutions of Bianchi-I and Marder universe models have
been solved in f (R, T) gravity by Kabak and Aygiin [22]. The Big Bang Theory predicts that the Universe cooled
rapidly from initially high temperatures. As a result of the phase transitions that occurred due to the rapid
cooling of the Universe, matter forms called topological defects which are interrupted or uninterrupted
symmetry spontaneously formed at ultra-high temperatures [23]. These defects named cosmic strings, textures,
monopoles, and domain walls are alterations of static fields in the context of quantum field theories [24].
Domain walls are the fields across from one minimum to another one and their structural behavior is associated
with the density and the surface tension o,,. Therefore, it is important from a cosmological perspective to
examine the gravitational effect caused by topological defects. Because of these features, domain walls are
studied in detail to analyze the dynamic structure of the Universe in the early stage. It is thought that some
cosmic objects such as neutron stars and quark-gluon plasma may have originated from quark matter that
occurred at the early universe phase when the ultra-high cosmic temperature is about 200 MeV [25-28]. This is
called the quark-hadron transition and when quarks are considered massless and non-interactive, quark matter
pressure p,, is written as follows

b= M
Here p, symbolizes quark matter energy density [29]. The total pressure of the matter is calculated from the
following equation.
p=1p+ B, 2
B_ given in the equation above is named the bag constant of quark matter [30, 31]. And total pressure of the
matter is given as the equation below [32]
p=p, - B 3)
In addition, these equations, EoS for strange quark matter is given as the following form
Py = 3P — 4B) @

Here p,,, and p,, are respectively symbols of particle pressure and density [33]. Quark-gluon plasma in perfect
liquid structure has been brought into being by researchers at Brookhaven National Laboratory and EoS for
quark-gluon plasma come from perfect fluid form is written as follows

Here yis a constant and has values as 1 < v < 2[33, 34] have solved Einstein field equations of n-dimensional
SQM with the string cloud (SC) and electromagnetic field. Bianchi type-III universe with SQM attached to SC
hasbeen examined in GR theory by [35]. Also, [36] have investigated the Kaluza-Klein type universe for SQM
and DW GR theory with cosmological constant A. Quark and SQM coupled with domain wall have been
examined for Einstein-Rosen cylindrical symmetric universe in GR theory by [37, 38] have investigated SQM
with SC and domain wall in plane symmetric space-time for Rosen's bimetric theory [29, 39] have studied SQM
in Brans-Dicke theory for several anisotropic universe models [40] have attained solutions of MEFEs in f (R, T)
gravitation theory in the context of spherical symmetric kink universe for quark matter attached to SQM and
domain walls [41] have solved field equations of Brans-Dicke and GR theories for SQM coupled with SCin
Bianchi type- VI, space-time [42] have studied SQM for hypersurface homogeneous cosmological models in
Lyra theory [43] have researched the n-dim FRW universe model with quark and SQM in the framework of
Creation Field Cosmology [44] have gotten exact solutions of Bianchi-V universe model with magnetized quark
matter in modified f (R, T) theory of gravitation. Higher dimensional FRW universe model has been investigated
in CFC theory for SQM attached to string cloud by Caglar and Aytin [45, 46] have solved field equations of f (R)
theory in the presence of magnetized SQM for generalized anisotropic universe models. Bianchi type-II, VIII,
and IX line elements in the context of f (R, T) gravitation theory have been examined with domain walls by [47].
Maurya et al [48] have investigated f (R, T) gravity for Bianchi V space-time with DW and quark matter. LRS
Bianchi-I line element with bulk viscous and SC have been studied in Brans-Dicke theory by Caglar [49].
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Singh et al [50] have analyzed Bianchi type-I universe in f(R, T) theory for SQM. Caglar et al [51] have examined
Ruban universe model filled quark and SQM coupling with DW in f (R, T) gravity. Tangphati et al [52] have
investigated f (R, L,,,, T) theory by using f (R, L,,,, T) = R+ oTL,,, for on the internal structure of compact stars.
Jords [53] has studied on f(R) theory in frame work phase transitions. Also Tanghati et al [54] have studied the
conventional spherically symmetric metric with a rainbow metric for strange quark matter in form of
anisotropic fluid. Jtnior et al [55] have get solutions of field equations for Friedmann-Lemaitre-Robertson-
Walker inf(R, L,,, T) theory. A model for anisotropic interacting quark stars have been investigated for
equations of states with pressure anisotropy by Tanghati et al [56]. Sheikh et al [57] have studied in f (R, T) gravity
for the gravitational collapse of a quark binding string fluid. Mangut et al [ 58] have examined F(R, G) theory
coupled with Born-Infeld for thermodynamics and naked singularity structure of the topological solutions.

In the light of the importance as mentioned above, in this study anisotropic and homogenous LRS Bianchi-I
space-time filled with SQM and NM attached to DW have been investigated in f (R, T) gravity. The paper is
organized as; f(R, T) gravity modified theory, obtaining the MEFEs and kinematic quantities is given in the
second section and then solutions of MEFEs with SQM and NM are given in subsections of the third section,
finally discussions and conclusions have given last section in detail.

2. Modified field equations of the model

In this work, Harko’s theory has been examined for the LRS Bianchi-I universe. The field equations of f(R, T)
gravitation theory are written as [ 10, 59]

Gij = [8m + 2z (D)1 Tjj + [2pfr(T) + f(D]g; (6)

Here subscript T'symbolizes differentiation. Also, Harkot et al [ 10] have suggested three models for f(R, T)
function of the model. In this study, the model of Harko et al [10] written as f (R, T) = R+ 2f(T) have been
assumed as the function of theory. Here f(T) can be written as f (T) = T, hereby f(R, T) function of rewritten as
follow

f(R, T) =R+ 2uT (7
Where pis an arbitrary constant [60, 61]. Also energy momentum tensor of domain wall (DW) matter in the
form of perfect fluid is given as

Té?W = (p + p)uiuj — pg; (8)

Here p and p respectively symbolize energy density and pressure of the DW matter distributions. On the other
hand 4;= (1,0, 0, 0) is the 4-velocity in co-moving coordinates [62]. By using equations (7) and (8) in
equation (6), MEFEs of Harko's theory rewritten as follow

Gij = [87 + 2u Tyj + [pp — pplg; ©)
Itis clear to see that when one takes ;= 0, f (R, T) theory reduces to GR theory. The line element of axially
symmetric LRS Bianchi-I universe model is written as follow [63]
ds? = dt* — A%dx? — B*(dy? + dz?) (10)

A and B given in the equation above are scale factors of the LRS Bianchi-I space-time. By using equations (8)—(10),
MEFEs of f(R, T) gravitation theory for LRS Bianchi-I space time model with domain wall matter distributions
have been attained as follows

B, B}
22 4 L = pu — 8pm — 3 11
g T P P (11)
Att By AtBt
— 4+ =4+ ——=pu—8pm—3 12
"N B Y P pu (12)
Bt2 AtBt
= +2 = 3pp + 8pm — 13
D B P+ 8pm — ppi (13)

Here and after subscript ¢ is derivative with the cosmic time. Obtained three MEFEs equations (11)—(13) have
four unknown parameters and one assumption such as kinematical quantities is needed to solve these equations.
Some important kinematical quantities such as average scale factor a, spatial volume V, and Hubble parameter H
for LRS Bianchi-I are given as following equations.

a = (ABY)3 (14)
V=a = AB (15)
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Vi A, 2B 6
V. 3A 3B
Also anisotropy parameter AP, expansion scalar 6, and shear scalar co” are defined and obtained as follows
- 2 _ 2
AP — lZ(H, H) _ 2(B/A — AB) (17)
3 H (2B,A + A,B)?
o —ui— 2y 2 as)
’ A B
1 - 1(B,A — A;B)?
w2 = —wiwl = T 19
2 3 AB 1
here ;;is a tensor and given as follow
1 1
wy = E(ui;kh]k + ujkhl) — gehij (20)

Also hj; projection tensor is qualified as h;; = g;; — u;u;. And finally, the deceleration parameter (DP) is defined by
following equation [20].
_aga _ 2(B,A — AB)’ — 3A,AB’ — 6B, A’B

1 al (2B,A + A,B)? @1

The value of DP describes the flatness of the Universe. The positive and negative values of DP represent
decelerating and inflation universe models respectively [64].

3. Solutions of modified field equations of the model

When itis used that proportion of expansion scalar 6 to shear scalar o like studies of Mahanta [65] and Jokweni
et al[66], the equation of the relationship between scale factors is obtained as

A — Bm (22)

Here m is an arbitrary constant, and observations of the redshift-velocity relation beyond galactic sources
indicate that the Hubble expansion of the Universe is isotropic within an approximate range of 30%. More
specifically, redshift analyses have determined that the ratio of shear w to the Hubble constant H satisfies the
constraint to/H < 0.3 in the region near our galaxy. It is emphasized that for spatially homogeneous metrics, the
condition of homogeneous expansion is met when w/6 remains constant by Collin et al [67]. This implies a
direct proportionality between the expansion scalar and the shear scalar, establishing a relationship between the
metric potentials like in equation (22). By using equation (22) in equations (11)—(13), the scale factor B, domain
wall energy density p”" and pressure p”" are attained as follows

1
B = [(m + 2)(kt + k)]m+2 (23)
2
PPV = 1 @m + Dk (24)
2 (4m + py(m + 2)*(kt + ky)?
2
s 1 @2m + 1)k; (25)
2 (41 + p)(m + 2)*(kt + ky)?
Also, scale factor A is obtained from equation (22) and equation (23) as follow
A=[m+ Dkt + k)ln2 (26)
Andf (R, T) function given in equation (7) is attained as
2
FRT) 8(2m + 1)k, -

T @r o+ p(m + 22t + k)

In this study, SQMand normal matter have been attached to DW matter in f(R, T) gravitation theory by using
equations (4) and (5) with relations between domain wall tension o,,and matter quantities which are given in the
following equations

pP=p, — Ou (28)

Here p,, and p,, symbolize the matter pressure and energy density, respectively [24]. In subsections, solutions of
SQM and NM with DW matter are given by using related equations.

4
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3.1. Solutions for strange quark matter with DW model p = %( P — 4B)

It is possible to attach strange quark matter to domain wall by assuming DW pressure as p "' = p,,, — o,and DW
densityas p”" = p,,, + o, with equation (4). Hereby one can get SQM pressure, energy density coupled with
DW and DW density as follows, respectively

1 2m + Dk
pM—p —B =~ (2m )21 _ B, (30)
4 (4 + p)(m + D2kt + k)
3 m + Dk}
SQM __ _ 1
=p +B == B, 3D
P =y 4 @r+ 0+ 220kt + k)2
2
- 1 @2m + 1)k; _ B, 32)

4 4m + p(m + 22t + k)?

Also quark matter pressure and energy density are calculated from equations (30) and (31) as

1 @m + Dk
- 33
b=y (m + p)(m + 2)*(kt + k)? 4
3 @m + Dkf

Py (34)

T an 1 0m+ 22kt + k)’

3.2. Solutions for normal matter with DW model p, = (v — 1)p,,

It is possible to add normal matter to domain wall by assuming DW pressureas p”" = p,, — o,,and DW density
as pP" = p,, + o, with equation (5). Hereby one can get NM pressure, energy density coupled with DW and
DW density as follows, respectively

" y(dm + py(m + 2)*(kt + ky)?
NM @2m + 1)k}
- 36
& y@m + p)(m + 2)*(kt + k)? (36)
o1 (= 2@m+ Dk a7)
O 2q0m 4 p(m + 22kt + k)?

4, Discussion and conclusion

In this study, LRS Bianchi type-I universe for strange quark matter and normal matter have been investigated by
coupling with domain wall matter in f(R, T) = R 4 2f(T) model of f (R, T) theory. Also, it is assumed that

f(T) = uTin the function of f(R, T) model. By using the relation between scale factors as A = B", coming from
the proportion of expansion scalar @ to shear scalar @, solutions of MEFEs for the constructed model attained.
The new line element can be written by using equations (23) and (26) in equation (10) as follow

ds? = d? — [(m + 2kt + k)ltzdx® — [(m + 2kt + k)2 (dy? + dz?) (38)

Itis seen in equations (23), (26) and (38), that 1 is an important constant and, must be m = — 2 to attain
meaningful and time depending line element. When ¢ = 0, it gives the initial epoch of the Universe and the
Universe model ends at t = — k,/k;. Constructed model solutions give an expanding universe with the time tand
itis shown for scale factor A on figure 1.

Zel'dovich [68] proposed the possibility of a primordial stiff matter era while investigating the cosmological
implications of an equation of state where the speed of sound equals the speed of light [69]. It is assumed with
p = pthat the early universe made from cold baryon gas. The case of domain wall matter for constructed model
in this work can also be compared to the stiff matter of the early universe that Zel'dovich referred to. Thus, one
can say that DW matter behaves like stiff matter [70], because of domain wall pressure and energy density have
been attained as p”" = pP" seen in equations (24) and (25). DW matter effect decreases by the time and it is
shown in figure 2. Besides, SQM and NM with DW effects decrease too by the time and it is given in figure 3.

Itis known that vy given in equation (5) has value 1 < v < 2[33]. When 7= 1 assumed in equation (35), the
value of normal matter pressure with DW becomes zero ( pmNM = 0) and one can say that NM with DW matter
distribution behaves like dust matter in condition y=1[71, 72]. It is seen in equation (32) for ¢4 > — 47 that
SQM domain wall tension o>V gets a negative value. Also, when y1 > — 47 assumed in equation (37), NM

w

domain wall tension aﬁM has a negative value due to 1 < v < 2. It means that SQM and NM with DW matter
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Scale Factor

t

Figure 1. Variation of scale factor A against time fork; =k, =m=1.

porp

Figure 2. Variation of domain wall effect for k; =k, =m = 1.

behave like invisible matter in these situations for the constructed f(R, T) model and agree with studies of
Khadekar et al [36], Caglar [51],Y1lmaz [73] and Katore and Hatkar [74].

In this paper, energy conditions of constructed models such as Null Energy Condition (NEC), Weak Energy
Condition (WEC),Dominant Energy Condition (DEC), and Strong Energy Condition (SEC) have been
investigated. When NEC = p“ + p“’> 0, the NEC is provided for the model. Providing of WEC is attained in
conditions of provided NECand p% > 0, providing of DEC is attained in conditions of provided NEC and
p¥ — p> 0, also providing of SEC s attained in conditions of provided NECand p% 4 3p > 0[75-77].In
this work domain wall matter distribution has been assumed as matter filled the Universe model and evaluated
effective values. DEC of DW matter is calculated as zero due to p% = p. All energy conditions are provided for
m>—1/2, > —4mrand t= — k,/k; and shown in figure 4. Also when it is assumed SQM and NM coupled
DW, all energy conditions are provided and shown in figures 5 and 6.

Some kinematic quantities such as spatial volume V, Hubble parameter H, anisotropy parameter AP,
expansion scalar 0, and shear scalar w given in equations (15)—(19) have been calculated as follows

3m+-2
V= [(m + 2)(kt + k)]3(m+2) (39)
He _l (40)
3(k1t + kZ)
2(m — 1)?
p=—-—_ 7 41
(m + 2)? (41)
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Figure 3. Variation of strange quark matter and normal matter with domain wall effect for k; =k, =m=p=1and y=1.5.
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Figure 4. Variation of DW energy conditions against time fork; =k, =m=p=1.
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Figure 5. Variation of SQM with DW energy conditions against time fork; =k, =m = p=1and y=1.5.

ki
h—
kit + k @
I l[ (m — Dk ]2 (43)
3| (m + 2)(kt + k)
q=2 (44)

Kinematic quantities, determined by the constant parameters # and k;, provide some distinctive cosmological
interpretations for the constructed model. When m = — 2, value of spatial volume V gets zero and it is point to
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Figure 7. Variation of Hubble parameter, volume and expansion scalar against time for k; = m = 1= 1and k, =0.

the initial moment of the Universe. If constant k is assumed to be zero, static universe model has been attained. It
is also crucial to analyze the anisotropy parameter given by equation (41) and to evaluate the relationship
between the scale factors obtained in equation (22) for the constructed model. The arbitrary constant m is
directly proportional to anisotropy, while for m1 = 1, a homogeneous and isotropic FRW universe model is
obtained. Additionally, infinite isotropy is achieved when m = — 2. On the other hand, deceleration parameter
has an important role in describing the expansion of the Universe. The expansion of the Universe is called
according to the value of deceleration parameter such as exponential expansion for g = — 1, accelerating power
law expansion for — 1 < g < 0, constant expansion for g = 0, and decelerating expansion for g > 0[78]. In this
work, it can be said that the constructed model has decelerating expansion due to attained g = 2 seen in
equation (44). Attained solutions of kinematic quantities give that the constructed universe is expanding by the
time fand its shown in figure 7.

When one takes 1= 01in f(R, T) = R + 2T, all attained solutions for f(R, T) theory reduce to GR theory
solutions of the constructed model. Thereby, domain wall pressure and energy density have been calculated
from equations (24) and (25).

pw 1 @m + Dk

DW _ _ 1 45
Por = Par = T m + 22 (t + R @
SQM pressure and energy density with DW have been obtained in GR theory as follows
2
pSQMGR :p o Bc — i (2”’1 + l)kl o Bc (46)
" 1 16 7r(m + 2)2(k1t + k2)2
3 2m + Dk
p;QMGR — pq + BC _ ( ) 1 BC (47)

T 16 m(m + 2)2(kt + k)
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Also, DW tension with SQM has attained as
O_SQMGR _ _L (2m + 1)k12
¢ 16 7(m + 2)2(kt + k)?
Quark matter pressure and energy density are calculated for GR theory from equations (46) and (47) as
GR _ L (2m + 1) k12
1 16 w(m + 2)%(kt + k)?
R _ 3 @m+ Dk
1 16 7r(m + Z)Z(klt + k2)2
NM pressure and energy density with DW have been obtained in GR theory as follows

NMGR (v — D@m + Dk

c

b T o m + 22t + k)2
NMGR _ m + Dk
" dym(m + 2)*(kt + ky)?

Also, DW tension with NM has been attained in GR theory as

o NMGR _ 1 (y=2@m+ Dk
N 8 yr(m + 2)*(kit + ky)?
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