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Abstract
In this work, strange quarkmatter (SQM) and normalmatter (NM) attached to domainwall (DW)
matter distributions have been examined for locally rotationally symmetric (LRS)Bianchi-I space-
time has been investigated. Themodel has been constructed in the framework of f (R,T) theory for
f (R,T)=R+ 2μTwhich is suggested as an alternative gravitation theory instead of Einstein's General
Relativity Theory.Obtainedmodifiedfield equations have been solved by using scale factors equation
A=Bm come from the proportion of expansion scalar θ to shear scalarϖ2. SQMandNMare added to

DWwith the help of equations of state (EoS) ( )r= -p B4m m c
1

3
and pm= (γ− 1)ρm. Pressure and

energy densities of allmatter distributions have been obtained depending on cosmic time t and their
effects decrease by the time. It is found thatDWmatter behaves like stiffmatter due to attainingDW
pressure equal toDWenergy density pDW= ρDW. Also obtained values of scale factors and some
kinematic quantities give an expanding universe for themodel. Energy conditions and kinematic
quantities of themodel have been examined in the last section. In addition, General Relativity
solutions of themodel have been attained by assumingμ= 0 in f (R,T)=R+ 2μT. All solutions have
been concluded in detail.

1. Introduction

The evolution of theUniverse has always been one of themost important topics for researchers. Formany years,
Einsteinfield equations (EFE) have been used to study and explain this evolution. Einstein propounded the static
universemodel by attaching cosmological constant to EFE.However, this additionwas inadequate in terms of
some cosmological problems likeflatness, the horizon, and the violation of energy conservation. Scientists have
focused on developing Einstein's theory to overcome these problems and suggested some gravitational theories
like vector-tensor, scalar-tensor, bimetric, and scalar field theories [1]. In the last decades, observations of
Supernova Ia [2, 3], CosmicMicrowave BackgroundRadiation (CMBR) [4, 5], andWilkinsonMicrowave
Anisotropy Probe (WMAP) [6] have revealed expansion of theUniverse at an accelerating rate. In particular, it is
insufficient to explain expanding universe phenomenawith the theory, because of some contradictions such as
red-shift andCMBR. For this reason, scientists have turned to investigation of dark energy representation such
as k-essence, quintessence, andTachyon or developments of alternative theories to Einstein's General Relativity
Theory (GR). Lyra Theory [7], Brans-Dicke Theory (BD) [8], Barber Theories [9], f (R,T)Gravitation Theory
[10], etc. are given as alternative theory. Especially, besidesHarko's theory, f (R), f (T), f (G), f (G,T), etc theories
have been the center of attention to explain expanding universe behaviors with cosmicmatter distributions.
HereR,T, andG symbolize the scalar curvature, the energy-momentum tensor trace and theGauss Bonnet
scalar respectively [11] have gotten solutions of higher dimensional Kaluza-Klein universemodel filledwith
the perfectfluidmatter in framework f (R,T) gravitation theory [12] have studiedKaluza-Klein space-time in
f (R,T) theory with cosmological constantΛ for perfectfluidmatter distribution. Also, anisotropic and axially
symmetric universe for perfectfluidmatter has been examined in the framework of f (R,T) gravity by [13, 14]
have get solutions of themodified Einstein field equations (MEFEs) for f (R,T) theoryKantowski-Sachs
universe filled bulk viscous [15] have studied f (R,T) gravity inGödel space-time for perfectfluidmatter.
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LRSBianchi-I space-time is a simple generalization of the homogenous-isotropic flat Robertson-Walker
(RW)Universe and defines anisotropy on the systemwith different scale factors in each spatial direction. The
LRSBianchi type-I universe is important to examine the possible effect of the anisotropic universe on
observations of late-time isotropic universe [16] have investigated anisotropic and homogenous Bianchi type-I
space-timewithmassive stringmatter inGR theory [17] have examined the LRSBianchi-I universe with
imperfect fluid for time variables G andΛ [18] has gotten solutions of Einstein Field equations (EFEs) for
anisotropic Bianchi type-Imodel withmagnetic field in string cosmology. Bianchi V universemodel for bulk
viscousfluidwith cosmic string has been examined in f (R,T) theory by [19, 20] has investigated Bianchi type-I
universe in the framework of f (R,T) gravity [21]have obtained solutions ofMEFEs in f (R,T) alternative theory
by using quadratic equations of states (EoS). Scalar field solutions of Bianchi-I andMarder universemodels have
been solved in f (R,T) gravity byKabak andAygün [22]. The Big Bang Theory predicts that theUniverse cooled
rapidly from initially high temperatures. As a result of the phase transitions that occurred due to the rapid
cooling of theUniverse,matter forms called topological defects which are interrupted or uninterrupted
symmetry spontaneously formed at ultra-high temperatures [23]. These defects named cosmic strings, textures,
monopoles, and domainwalls are alterations of staticfields in the context of quantumfield theories [24].
Domainwalls are the fields across fromoneminimum to another one and their structural behavior is associated
with the density and the surface tensionσω. Therefore, it is important from a cosmological perspective to
examine the gravitational effect caused by topological defects. Because of these features, domainwalls are
studied in detail to analyze the dynamic structure of theUniverse in the early stage. It is thought that some
cosmic objects such as neutron stars and quark-gluon plasmamay have originated fromquarkmatter that
occurred at the early universe phase when the ultra-high cosmic temperature is about 200MeV [25–28]. This is
called the quark-hadron transition andwhen quarks are consideredmassless and non-interactive, quarkmatter
pressure pq is written as follows

( )
r

=p
3

1q
q

Here ρq symbolizes quarkmatter energy density [29]. The total pressure of thematter is calculated from the
following equation.

( )r r= + B 2q c

Bc given in the equation above is named the bag constant of quarkmatter [30, 31]. And total pressure of the
matter is given as the equation below [32]

( )= -p p B 3q c

In addition, these equations, EoS for strange quarkmatter is given as the following form

( ) ( )r= -p B
1

3
4 4m m c

Here pm and ρm are respectively symbols of particle pressure and density [33]. Quark-gluon plasma in perfect
liquid structure has been brought into being by researchers at BrookhavenNational Laboratory and EoS for
quark-gluon plasma come fromperfect fluid form iswritten as follows

( ) ( )g r= -p 1 5m m

Here γ is a constant and has values as 1� γ� 2 [33, 34] have solved Einstein field equations of n-dimensional
SQMwith the string cloud (SC) and electromagnetic field. Bianchi type-III universe with SQMattached to SC
has been examined inGR theory by [35]. Also, [36] have investigated theKaluza-Klein type universe for SQM
andDWGR theorywith cosmological constantΛ. Quark and SQMcoupledwith domainwall have been
examined for Einstein-Rosen cylindrical symmetric universe inGR theory by [37, 38] have investigated SQM
with SC and domainwall in plane symmetric space-time for Rosen's bimetric theory [29, 39] have studied SQM
inBrans-Dicke theory for several anisotropic universemodels [40] have attained solutions ofMEFEs in f (R,T)
gravitation theory in the context of spherical symmetric kink universe for quarkmatter attached to SQMand
domainwalls [41] have solved field equations of Brans-Dicke andGR theories for SQMcoupledwith SC in
Bianchi type-VI0 space-time [42] have studied SQM for hypersurface homogeneous cosmologicalmodels in
Lyra theory [43] have researched the n-dim FRWuniversemodel with quark and SQM in the framework of
Creation FieldCosmology [44]have gotten exact solutions of Bianchi-V universemodel withmagnetized quark
matter inmodified f (R,T) theory of gravitation.Higher dimensional FRWuniversemodel has been investigated
inCFC theory for SQMattached to string cloud byÇağlar andAyün [45, 46] have solvedfield equations of f (R)
theory in the presence ofmagnetized SQM for generalized anisotropic universemodels. Bianchi type-II, VIII,
and IX line elements in the context of f (R,T) gravitation theory have been examinedwith domainwalls by [47].
Maurya et al [48] have investigated f (R,T) gravity for Bianchi V space-timewithDWandquarkmatter. LRS
Bianchi-I line elementwith bulk viscous and SChave been studied in Brans-Dicke theory byÇağlar [49].

2

Phys. Scr. 100 (2025) 046101 HÇağlar



Singh et al [50] have analyzed Bianchi type-I universe in f (R,T) theory for SQM.Çağlar et al [51] have examined
Ruban universemodelfilled quark and SQMcouplingwithDW in f (R,T) gravity. Tangphati et al [52] have
investigated f (R, Lm,T) theory by using f (R, Lm,T)=R+αTLm for on the internal structure of compact stars.
Jorás [53] has studied on f (R) theory in framework phase transitions. Also Tanghati et al [54] have studied the
conventional spherically symmetricmetric with a rainbowmetric for strange quarkmatter in formof
anisotropic fluid. Júnior et al [55] have get solutions offield equations for Friedmann-Lemâitre-Robertson-
Walker in f (R, Lm,T) theory. Amodel for anisotropic interacting quark stars have been investigated for
equations of states with pressure anisotropy by Tanghati et al [56]. Sheikh et al [57] have studied in f (R,T) gravity
for the gravitational collapse of a quark binding string fluid.Mangut et al [58] have examined F(R,G) theory
coupledwith Born-Infeld for thermodynamics and naked singularity structure of the topological solutions.

In the light of the importance asmentioned above, in this study anisotropic and homogenous LRSBianchi-I
space-time filledwith SQMandNMattached toDWhave been investigated in f (R,T) gravity. The paper is
organized as; f (R,T) gravitymodified theory, obtaining theMEFEs and kinematic quantities is given in the
second section and then solutions ofMEFEswith SQMandNMare given in subsections of the third section,
finally discussions and conclusions have given last section in detail.

2.Modifiedfield equations of themodel

In this work,Harko’s theory has been examined for the LRSBianchi-I universe. Thefield equations of f (R,T)
gravitation theory are written as [10, 59]

[ ( )] [ ( ) ( )] ( )p= + + +G f T T pf T f T g8 2 2 6ij T ij T ij

Here subscriptT symbolizes differentiation. Also,Harkot et al [10] have suggested threemodels for f (R,T)
function of themodel. In this study, themodel ofHarko et al [10]written as f (R,T)=R+ 2f (T) have been
assumed as the function of theory. Here f (T) can bewritten as f (T)=μT, hereby f (R,T) function of rewritten as
follow

( ) ( )m= +f R T R T, 2 7

Whereμ is an arbitrary constant [60, 61]. Also energymomentum tensor of domainwall (DW)matter in the
formof perfectfluid is given as

( ) ( )r= + -T p u u pg 8ij
DW

i j ij

Here ρ and p respectively symbolize energy density and pressure of theDWmatter distributions. On the other
hand ui= (1, 0, 0, 0) is the 4-velocity in co-moving coordinates [62]. By using equations (7) and (8) in
equation (6),MEFEs ofHarko's theory rewritten as follow

[ ] [ ] ( )p m mr m= + + -G T p g8 2 9ij ij ij

It is clear to see that when one takesμ= 0, f (R,T) theory reduces toGR theory. The line element of axially
symmetric LRSBianchi-I universemodel is written as follow [63]

( ) ( )= - - +ds dt A dx B dy dz 102 2 2 2 2 2 2

A andB given in the equation above are scale factors of theLRSBianchi-I space-time. By using equations (8)–(10),
MEFEs of f (R,T) gravitation theory for LRSBianchi-I space timemodelwithdomainwallmatter distributions
have been attained as follows

( )rm p m+ = - -
B

B

B

B
p p2 8 3 11tt t

2

2

( )rm p m+ + = - -
A

A

B

B

A B

AB
p p8 3 12tt tt t t

( )rm rp m+ = + -
B

B

A B

AB
p2 3 8 13t t t

2

2

Here and after subscript t is derivative with the cosmic time.Obtained threeMEFEs equations (11)–(13) have
four unknown parameters and one assumption such as kinematical quantities is needed to solve these equations.
Some important kinematical quantities such as average scale factor a, spatial volumeV, andHubble parameterH
for LRSBianchi-I are given as following equations.

( ) ( )=a AB 142 1
3

( )= =V a AB 153 2
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( )= = +H
V

V

A

A

B

B3

2

3
16t t t

Also anisotropy parameterAP, expansion scalar θ, and shear scalarϖ2 are defined and obtained as follows

( )
( )

( )å=
-

=
-
+

AP
H H

H

B A A B

B A A B

1

3

2

2
17i t t

t t

2 2

2
⎛
⎝

⎞
⎠

( )q = = +u
A

A

B

B

2
18i

i t t
;

( ) ( )v v v= =
-B A A B

A B

1

2

1

3
19ij

ij t t2
2

2 2

hereϖij is a tensor and given as follow

( ) ( )v q= + -u h u h h
1

2

1

3
20ij i k j

k
j k i

k
ij; ;

Also hij projection tensor is qualified as hij= gij− uiuj. Andfinally, the deceleration parameter (DP) is defined by
following equation [20].

( )
( )

( )= - =
- - -

+
q

a a

a

B A A B A AB B A B

B A A B

2 3 6

2
21tt

t

t t tt tt

t t
2

2 2 2

2

The value ofDP describes the flatness of theUniverse. The positive and negative values ofDP represent
decelerating and inflation universemodels respectively [64].

3. Solutions ofmodifiedfield equations of themodel

When it is used that proportion of expansion scalar θ to shear scalarϖ like studies ofMahanta [65] and Jokweni
et al [66], the equation of the relationship between scale factors is obtained as

( )=A B 22m

Herem is an arbitrary constant, and observations of the redshift-velocity relation beyond galactic sources
indicate that theHubble expansion of theUniverse is isotropic within an approximate range of 30%.More
specifically, redshift analyses have determined that the ratio of shearϖ to theHubble constantH satisfies the
constraintϖ/H� 0.3 in the region near our galaxy. It is emphasized that for spatially homogeneousmetrics, the
condition of homogeneous expansion ismetwhenϖ/θ remains constant byCollin et al [67]. This implies a
direct proportionality between the expansion scalar and the shear scalar, establishing a relationship between the
metric potentials like in equation (22). By using equation (22) in equations (11)–(13), the scale factorB, domain
wall energy density ρDW and pressure pDW are attained as follows

[( )( )] ( )= + + +B m k t k2 23m1 2
1

2

( )
( )( ) ( )

( )
p m

=
+

+ + +
p

m k

m k t k

1

2

2 1

4 2
24DW 1

2

2
1 2

2

( )
( )( ) ( )

( )r
p m

=
+

+ + +
m k

m k t k

1

2

2 1

4 2
25DW 1

2

2
1 2

2

Also, scale factorA is obtained from equation (22) and equation (23) as follow

[( )( )] ( )= + + +A m k t k2 26
m

m1 2 2

And f (R,T) function given in equation (7) is attained as

( ) ( )
( )( ) ( )

( )p
p m

=
+

+ + +
f R T

m k

m k t k
,

8 2 1

4 2
271

2

2
1 2

2

In this study, SQMandnormalmatter have been attached toDWmatter in f (R,T) gravitation theory by using
equations (4) and (5)with relations between domainwall tensionσω andmatter quantities which are given in the
following equations

( )s= - wp p 28m

( )r r s= + w 29m

Here pm and ρm symbolize thematter pressure and energy density, respectively [24]. In subsections, solutions of
SQMandNMwithDWmatter are given by using related equations.

4
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3.1. Solutions for strange quarkmatterwithDWmodel ( )r= -p B4m m c
1

3
It is possible to attach strange quarkmatter to domainwall by assumingDWpressure as pDW= pm−σω andDW
density as ρDW= ρm+σωwith equation (4). Hereby one can get SQMpressure, energy density coupledwith
DWandDWdensity as follows, respectively

( )
( )( ) ( )

( )
p m

= - =
+

+ + +
-p p B

m k

m k t k
B

1

4

2 1

4 2
30

m
SQM

q c c
1
2

2
1 2

2

( )
( )( ) ( )

( )r r
p m

= + =
+

+ + +
+B

m k

m k t k
B

3

4

2 1

4 2
31m

SQM
q c c

1
2

2
1 2

2

( )
( )( ) ( )

( )s
p m

= -
+

+ + +
-w

m k

m k t k
B

1

4

2 1

4 2
32c

1
2

2
1 2

2m

Also quarkmatter pressure and energy density are calculated from equations (30) and (31) as

( )
( )( ) ( )

( )
p m

=
+

+ + +
p

m k

m k t k

1

4

2 1

4 2
33q

1
2

2
1 2

2

( )
( )( ) ( )

( )r
p m

=
+

+ + +
m k

m k t k

3

4

2 1

4 2
34q

1
2

2
1 2

2

3.2. Solutions for normalmatter withDWmodel ( )g r= -p 1m m
It is possible to add normalmatter to domainwall by assumingDWpressure as pDW= pm−σω andDWdensity
as ρDW= ρm+σωwith equation (5). Hereby one can getNMpressure, energy density coupledwithDWand
DWdensity as follows, respectively

( )( )
( )( ) ( )

( )g
g p m

=
- +

+ + +
p

m k

m k t k

1 2 1

4 2
35

m
NM 1

2

2
1 2

2

( )
( )( ) ( )

( )r
g p m

=
+

+ + +
m k

m k t k

2 1

4 2
36m

NM 1
2

2
1 2

2

( )( )
( )( ) ( )

( )s
g

g p m
=

- +
+ + +w

m k

m k t k

1

2

2 2 1

4 2
37NM 1

2

2
1 2

2

4.Discussion and conclusion

In this study, LRS Bianchi type-I universe for strange quarkmatter and normalmatter have been investigated by
couplingwith domainwallmatter in f (R,T)=R+ 2f (T)model of f (R,T) theory. Also, it is assumed that
f (T)=μT in the function of f (R,T)model. By using the relation between scale factors asA=Bm, coming from
the proportion of expansion scalar θ to shear scalarϖ2, solutions ofMEFEs for the constructedmodel attained.
The new line element can bewritten by using equations (23) and (26) in equation (10) as follow

[( )( )] [( )( )] ( ) ( )= - + + - + + ++ +ds dt m k t k dx m k t k dy dz2 2 38
m

m m2 2
1 2

2
2 2

1 2
2

2 2 2

It is seen in equations (23), (26) and (38), thatm is an important constant and,must bem≠− 2 to attain
meaningful and time depending line element.When t= 0, it gives the initial epoch of theUniverse and the
Universemodel ends at t=− k2/k1. Constructedmodel solutions give an expanding universewith the time t and
it is shown for scale factorA onfigure 1.

Zel'dovich [68] proposed the possibility of a primordial stiffmatter era while investigating the cosmological
implications of an equation of state where the speed of sound equals the speed of light [69]. It is assumedwith
p= ρ that the early universemade from cold baryon gas. The case of domainwallmatter for constructedmodel
in this work can also be compared to the stiffmatter of the early universe that Zel'dovich referred to. Thus, one
can say thatDWmatter behaves like stiffmatter [70], because of domainwall pressure and energy density have
been attained as pDW= ρDW seen in equations (24) and (25). DWmatter effect decreases by the time and it is
shown infigure 2. Besides, SQMandNMwithDWeffects decrease too by the time and it is given in figure 3.

It is known that γ given in equation (5) has value 1� γ� 2 [33].When γ= 1 assumed in equation (35), the
value of normalmatter pressure withDWbecomes zero ( =p 0m

NM ) and one can say thatNMwithDWmatter
distribution behaves like dustmatter in condition γ= 1 [71, 72]. It is seen in equation (32) forμ>− 4π that
SQMdomainwall tension sw

SQM gets a negative value. Also, whenμ>− 4π assumed in equation (37), NM
domainwall tension sw

NM has a negative value due to 1� γ� 2. Itmeans that SQMandNMwithDWmatter

5

Phys. Scr. 100 (2025) 046101 HÇağlar



behave like invisiblematter in these situations for the constructed f (R,T)model and agreewith studies of
Khadekar et al [36], Çağlar [51],Yılmaz [73] andKatore andHatkar [74].

In this paper, energy conditions of constructedmodels such asNull EnergyCondition (NEC),Weak Energy
Condition (WEC),Dominant EnergyCondition (DEC), and Strong Energy Condition (SEC) have been
investigated.WhenNEC= ρ eff+ p eff� 0, theNEC is provided for themodel. Providing ofWEC is attained in
conditions of providedNEC and ρ eff� 0, providing ofDEC is attained in conditions of providedNEC and
ρ eff− p eff� 0, also providing of SEC is attained in conditions of providedNEC and ρ eff+ 3p eff� 0 [75–77]. In
this work domainwallmatter distribution has been assumed asmatterfilled theUniversemodel and evaluated
effective values.DEC ofDWmatter is calculated as zero due to p eff= ρ eff. All energy conditions are provided for
m>− 1/2,μ�− 4π and t≠− k2/k1 and shown infigure 4. Alsowhen it is assumed SQMandNMcoupled
DW, all energy conditions are provided and shown infigures 5 and 6.

Some kinematic quantities such as spatial volumeV, Hubble parameterH, anisotropy parameterAP,
expansion scalar θ, and shear scalarϖ given in equations (15)–(19) have been calculated as follows

[( )( )] ( )( )= + +
+
+V m k t k2 39

m
m1 2

3 2
3 2

( )
( )=

+
H

k

k t k3
401

1 2

( )
( )

( )=
-
+

AP
m

m

2 1

2
41

2

2

Figure 1.Variation of scale factor A against time for k1= k2=m= 1.

Figure 2.Variation of domainwall effect for k1= k2=m= 1.

6

Phys. Scr. 100 (2025) 046101 HÇağlar



( )q =
+
k

k t k
421

1 2

( )
( )( )

( )v =
-

+ +
m k

m k t k

1

3

1

2
432 1

1 2

2
⎡
⎣⎢

⎤
⎦⎥

( )=q 2 44

Kinematic quantities, determined by the constant parametersm and k1, provide some distinctive cosmological
interpretations for the constructedmodel.Whenm=− 2, value of spatial volumeV gets zero and it is point to

Figure 4.Variation ofDWenergy conditions against time for k1= k2=m=μ= 1.

Figure 5.Variation of SQMwithDWenergy conditions against time for k1= k2=m=μ= 1 and γ= 1.5.

Figure 3.Variation of strange quarkmatter andnormalmatter with domainwall effect for k1= k2=m=μ= 1 and γ= 1.5.
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the initialmoment of theUniverse. If constant k is assumed to be zero, static universemodel has been attained. It
is also crucial to analyze the anisotropy parameter given by equation (41) and to evaluate the relationship
between the scale factors obtained in equation (22) for the constructedmodel. The arbitrary constantm is
directly proportional to anisotropy, while form= 1, a homogeneous and isotropic FRWuniversemodel is
obtained. Additionally, infinite isotropy is achievedwhenm=− 2.On the other hand, deceleration parameter
has an important role in describing the expansion of theUniverse. The expansion of theUniverse is called
according to the value of deceleration parameter such as exponential expansion for q=− 1, accelerating power
law expansion for − 1� q� 0, constant expansion for q= 0, and decelerating expansion for q> 0 [78]. In this
work, it can be said that the constructedmodel has decelerating expansion due to attained q= 2 seen in
equation (44). Attained solutions of kinematic quantities give that the constructed universe is expanding by the
time t and its shown infigure 7.

When one takesμ= 0 in f (R,T)=R+ 2μT, all attained solutions for f (R,T) theory reduce toGR theory
solutions of the constructedmodel. Thereby, domainwall pressure and energy density have been calculated
from equations (24) and (25).

( )
( ) ( )

( )r
p

= =
+

+ +
p

m k

m k t k

1

8

2 1

2
45

GR
DW

GR
DW 1

2

2
1 2
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Figure 6.Variation ofNMwithDWenergy conditions against time for k1= k2=m=μ= 1 and γ= 1.5.

Figure 7.Variation ofHubble parameter, volume and expansion scalar against time for k1=m=μ= 1 and k2= 0.
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Also, DW tensionwith SQMhas attained as
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Quarkmatter pressure and energy density are calculated forGR theory from equations (46) and (47) as
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