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Abstract

In this study, we investigate the Kantowski-Sachs space-time within the framework of f(R,®,X)
gravity, incorporating a general fluid distribution with neutrino contributions. The field equations are
constructed using a hybrid f(R,®,X) function that combines features of the Starobinsky-like model
and k-essence functions with canonical scalar fields. Analytical solutions are obtained, showing that
the fluid can exhibit bulk viscous behavior with neutrino contributions. The model’s kinematical
properties and energy conditions are investigated. NEC, WEC and DEC are satisfied, while SEC is
violated, indicating scenarios where gravity repels matter, enabling exotic configurations. These
results provide insights into the early universe’s dynamics and the role of viscous fluids and neutrinos
in modified gravity theories.

1. Introduction

Observations of large-scale galaxies point that cosmic matter in the present Universe could be described by a
perfect fluid. Furthermore, instabilities during which galaxies are formed suggest that the fluid behaves like a
viscous fluid [1]. Cosmological models for early stages are associated with viscous fluid because they include
initial irregularities [2]. Cosmological models in Bianchi Type-I universe were investigated for viscous fluid
consisting of mass and shear viscosity. It has been shown how important dynamics of shear and fluid density
change during evolution [3]. Effect of time-dependent mass viscosity in Friedmann-Robertson-Walker universe
with Brans-Dicke theory is examined [4]. By modeling with fixed deceleration parameters, solutions were
obtained for inflationary period of the Universe and a period dominated by radiation [4]. They investigated
shear and LRS Bianchi Type-I space-time string dust magnetized cosmological model in General Relativity
under some conditions. Using assumption that sheer and expansion are directly proportional to obtain a specific
solution, it has been discussed [5]. With the extended irreversible thermodynamics approach, an equivalent
formulation of equations is provided in the case of bulk viscosity by making an appropriate change in variables.
It is also shown that this model provides new ways to directly calculate bulk viscosity. Concrete examples are
presented to establish the Israel-Stewart model for general volumetric viscous fluid [6]. In order to study about
accelerated expansion of the Universe in f(Q) modified gravity, a cosmological model dominated by mass
viscous matter was considered, with the mass viscosity coefficient proportional to the speed and acceleration of
the expanding universe. Then, compatible values of model parameters were obtained and compared with
current observation data [7]. In alternative gravitational theories, many models including bulk viscosity were
examined from different aspects [8—10].

Observations impose on us the necessity of determining cosmological parameters precisely. To improve
the current standard cosmological model and its alternatives, it is necessary to make very precise cosmological
parameter adjustments. All available observations are consistent with the simplest A-Cold Dark Matter
(A-CDM) model. However, since the current model cannot explain some of mysterious cosmological
components such as dark matter and dark energy, this model is only a convenient template of the Universe.
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Therefore, in order to perceive the functioning of the Universe, precisely determined parameters are needed,
structures that can both meet standard expectations and verify effects that have not yet been detected. Models
about effect and the evolution of neutrino, one of these structures, on the Universe are of great importance. The
Big Bang theory is that cosmic neutrinos left us with remnants to this day. Although this cosmic background
remnant has not yet been detected, compatible results have been obtained by some indirect means [11-15]. In
f(R) modified gravitation theory, as an alternative cosmology to the A-CDM model, it has been shown that effect
of large-mass neutrinos on the matter power spectrum, the anomalous growth of density fluctuations on small
scales due to scalaron force, can be compensated by the free flow of neutrinos [16]. Using the latest observations
from cosmic microwave background (CMB) and baryon acoustic oscillation (BAO) measurements, neutrino
properties are constrained in f(R) gravitation theory. First of all, the total mass of neutrinos and effective number
of neutrino types were limited. These parameters were then constrained simultaneously and compared with
Planck CMB data, WMAP CMB polarization data, BAO data, and data from the Atacama Cosmology Telescope
and the South Pole Telescope [17].

Although standard cosmology and Einstein’s Gravitation theory give results compatible with observations,
they cannot fully explain some cosmological substitutions. At this point, alternative gravity theories have the
potential to offer a comprehensive or at least a specific explanation for some of these situations. Recently, f(R)-
type theories, one of alternative gravity theories, have been studied quite intensively. Each of these theories
provides many strong or weak features due to the parameters they contain and the models they create. Increasing
the number of parameters of alternative gravity theory and introducing new features often causes the theory to
become more complex and difficult to analyze. For this reason, the creation of an alternative gravity theory
involves a very balanced set of choices. In this context, f(R,®,X) alternative gravity theory contained in this study
is an important theory in terms of parameter diversity and scope it contains. For first time, cosmological
perturbations, slow-roll inflation and vacuum state quantum fluctuations were investigated for the generalized
gravitation theory including tachyonic condensation within the frame of f(R,®,X) theory [18]. It is associated
with coupled dark energy scenarios in Einstein-Frame, considering a model with Lagrangian density f = F(®)R
+2p(®,X). Additionally, conformal rotational perturbation equations were derived. We also examined the
evolution of perturbations in both the Jordan-Frame and Einstein-Frame in the case where the energy fraction of
dark energy is constant in a matter-dominated epoch [19]. In f(R,®,X) theory, which is a generalized alternative
theory of gravity, various dark energy, and alternative gravity models have been put forward, and models and
applications within this theory have been examined for the recent accelerated expansion of the Universe [20].
For k-essence and f(R) gravitation theory, phase space in a vacuum state has been examined in detail. Their
proposed model has been shown to be a useful way of explaining inflation period in the early-time universe. It
has also been shown that the developed model has a mathematical structure that supports expansion in radiation
and matter-dominated periods and is also successful for canonical and ghost scalar fields [21].

The motivation of this study is to compare and discuss bulk viscous fluid with neutrinos in the context of
f(R,®,X) gravity via Kantowski-Sachs space-time, which depicts the early-time of the Universe. It also aims to
demonstrate the compatibility of the developed models and distributions with observational data.

This article includes the contents as follows: In section 2, we mention widely-known alternative gravitation
theories. One of the theories, f(R,®,X) gravity, is presented with general properties about action function and
field equations. In section 3, we get Kantowski-Sachs space-time, their field equations and solutions with general
fluid distribution in the context of f(R,®,X) gravity. Average scale factor, Hubble parameter, anisotropy
parameter and deceleration parameter of the constructed model are calculated and discussed. It is shown that
obtained solutions in f(R,®,X) gravity sign that considered general fluid could be viscous fluid with neutrinos.
Effective matter distributions and energy conditions of them are obtained. All obtained results are examined in
terms of physical meaning and geometrical properties in the Conclusion section.

2. Modified gravitation theories

Many alternative gravity theories have been put forward. Of these, f(R)-type theories are still up to date. f(R)
theory includes f(R) function instead of Ricci scalar (R) in action integral [22]. f(R,®) theory is obtained by
adding scalar field (@) which originates from the potential energy of matter, to f(R) function in f(R) theory [23].
K-essence theory, which focuses on explaining early-time inflation and late-time expansion of the Universe and
tries to explain inflation dynamics of the Universe with negative pressure, was put forward [24]. Finally, f(R,®,X)
theory emerges as a hybrid alternative gravity theory formed by the combination of f{(R)-type theories and
k-essence-type theories. In addition to being a scalar-tensor theory, the theory depends on both R and ¢ and also
includes a kinetic term (X = %@LCI)B“(D). For this reason, it is a theory with a high chance of success in
examining expansion periods of the Universe and the evolution of A-CDM. In addition, f(R,®,X) theory is
defined both Einstein-frame and Jordan-frame.
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f(R,®,X) theory action integral is defined as:
s= [ vz [

where it can be chosen as 2> = 1 for simplicity [ 19, 20]. L,, is a matter part of the Lagrangian function.
Considering equation (1), field equations are found as follows:

f(R, ®, X)

S Lm]dQ (1)

1 : €
FG, — E(f(R’ ®,X)-RFg,, +V, V, F+g,% V* F- ETVN oV, ®=T, )

Of (R, ®,X) T— If (R, ®,X)

where F = and e is a value corresponding to canonical structure of scalar field [20].
€ = 1 was chosen in canonical structure for this study. In f(R,®,X) theory, Klein-Gordon equation given as

V., (YOH®) + eN =0 3)
where N = w [19]. Energy-momentum tensor of cosmic matter is defined as
2 6(«/ _ng)
Ty=——————. (4)

— g 6 ( g ,U.l/)
Considering equation (2), Einstein tensor is related with effective energy-momentum tensor (T;f?,( ), is defined as
follows

€ J— € 1 c
Gl = T — = (Tiu + T). (5)

w — - ur
Energy-momentum tensor of curvature in equation (6) is defined as

c 1 a €
Ty = SR ®X) = RPg, + Y Y, F-g, % V* F+ITY, OV @ (6)

3. General fluid with neutrino in f(R,®,X) gravity

Homogeneous and anisotropic Kantowski-Sachs space-time is given by
ds? = —dt? + AX(t)dr? + B*(t)[d6? + sin(0)dp?] (7)

where A and B are metric potentials depend on cosmic time. The anisotropic yet homogeneous structure of
Kantowski-Sachs space-time provides an appropriate geometric setting for studying early-universe models that
involve spatial curvature and directional stresses. Such a geometry naturally accommodates cosmological
scenarios with bulk viscous effects and supports the investigation of isotropization processes over time. These
features align with the physical characteristics required in our model and allow the space-time to capture the
essential anisotropic dynamics without the need to impose strict planar symmetry or spatial flatness. Ricci
curvature scalar for equation (1) is obtained as

_ 4ABB" n 2AB"? n 2A"B? n 4A'BB’ 2A

R =
AB? AB? AB? AB? AB?

®

where prime represents partial derivative according to time coordinate. At this point, we firstly consider general
diagonal fluid dynamics. Energy-momentum tensor of the fluid can be given as

T} iay = diag[Tg, Ty, T3, T3], )
From equations (2)—(6) and (7), components of the Einstein tensor become
B? 2A’BB’ 1
G = a3 10

Gl =" 5 — (11)

A'B"  AB" A"B

GZ — G3 — _ — . 12
2 o) = G5 @ B AR 4B (12)
Also, from equations (2)—(6) and (7), components of effective energy-momentum tensor are obtained as
A// B// 3F// B/2 A/B/ B/Fl A/F/
T oep=—*+—+—+—+ - -
2A B 4F 2B? AB 2FB 4FA
3¢ TP 1 1
+— 4+ —=@TI+ T+ T5 + T3), 13
e T T O A T T T (13)
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T! :fA_”fB_"+F_"fB_'2fA'B' B'F
@™ 24 B ' 4F 2B® AB = 2FB
3A'F TP 1 1
+ — — + —(T{ + 3T} — T} - T3), 14
4FA 8F 2B2 4F( 0 - L -1 (14
A// B/l F/l B/2 A/B/ BIF/

@724 B T 4F 2B° AB  2FB
A'F' TP 1 1 .0 1 2 3
+ — — + —(T) = T} + 3T} - T3), 15
A s op apc0 DFIRT T o
A" B” F' B? A'B BF
@) = T34 + 2
2A B 4F 2B> AB  2FB
AF'ee? 11
+ =+ — o+ —(T) = T} = T3 + 3T3). 16
A sF 2 Tapl0 TR 1o

+

T3

w

From equations (1)—(3) and (7), for given space-time, Klein-Gordon equation becomes:

gy T AT 2BV

)+ eN=0. (17)
It is known that many inflation models have been proposed in the last half-century. Some of the studies

envisaged the addition of scalar field. In this way, inflation models can be created without directly considering

scalar field in the geometric part of the action, such as Starobinsky-like model of f(R) theory. Starobinsky-like

model depends on scalar field and Ricci scalar in a non-minimal way. One of the proposed successful models,

R + R inflation model,agrees with CMB observations [25—-28]. The model is given general form as

fi(R) =R + aR? (18)

where a is a free parameter related to cosmic expansion with appropriate dimensions [25]. The function doesn’t
include scalar field, directly. But it receives inflation caused by the scalar fields. On the other hand, k-essence
functions allow to define scalar field in action integration, directly. These scalar fields can be canonical or non-
canonical (phantom field). This is determined by the 7 parameter. In this study, canonical scalar fields are used.

In accordance with the literature T = w = ConX" tand X x © , 9.
> = Lo - 1
(@, X) = CoX — 2V (D) (19)

here Cy and X" are arbitrary constants and in the canonical case, it can be chosen as V(®) = 0[21, 29]. In this
study, we use a hybrid function that includes both features of f(R) and k-essence functions such as:

f(Rs 2, X) :fi(R) +f2(¢)) X). (20)

The specific choice of the function f(R, @, X) = fi(R) + £,(P, X) was made to construct a controlled and physically
interpretable hybrid model. This form allows the unification of Starobinsky-like inflationary dynamics [25] with
scalar field contributions such as k-essence [24]. Although more general formulations including mixed terms are
theoretically allowed within the f (R, ®, X) framework [30], they typicallylead to highly coupled and nonlinear
field equations. Such complexity complicates analytical treatment and obscures the underlying physical
mechanisms. In contrast, the chosen separable form simplifies the equations and makes it possible to derive
exact solutions while still capturing key features of both early and late-time cosmology. Furthermore, it remains
consistent with various inflationary and dark energy models widely discussed in the literature [31, 32]. From
equations (2), (7)—(9), (18)—(20), field equations are found as follows:

3¢Y®? A'F  3F" B?F B'F  A'FF B'F  AB'F
— 4+ - - —+

- + R
8 24 4 2B*> 2B 4A  2B* B AB
1
= Z(3Tg + T+ T3+ T5), 2D
_€Te” LAFF B?F B'F  3A'F F  AB'F . A'BF
8 2A 4 2B? 2B 4A 2B? B AB
1
=7 +30 - T - T9), (22)
12 n " /2 '/ g/
—J—Q—H—F—jLBF BF—AF+i=l(T§—Tﬂ+3T§—T§), (23)
8 2A° 4  2B> 2B 4A 2B 4
12 Vi " /2 '/ g/
—J—¢—£—F—+BF BF—AF+i:l(To°—Tll—T§+3T§). (24)
8 2A° 4 2B> 2B 4A 2B 4

As is commonly known in the literature, if the shear scalar is proportional to scalar expansion for Kantowski-
Sachs space-time, metric potential becomes A = B™, m == 1 [33]. This form is often used in anisotropic

4
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cosmological models to establish a connection between the directional scale factors. The proportionality
between these factors is physically motivated by the condition that the shear scalar is proportional to the
expansion scalar, a well-known assumption in anisotropic geometries that simplifies the description of
isotropization processes. From field equations given in equations (21)—(24) and Klein—-Gordon equation given
in equation (17), we have following solutions set

A(t) = n™(at + b)"k, (25)

B(t) = n(at + b)¥, (26)

O(t) = ", (27)

@) = 4(a + b2 4 (4m? + 8m + 12)k* + (—4m — 8)k + t2)a® + 2abt + bH)n? (28)
(at + b)*n? ’

T(t) _ _(I)(Z)(r]f1)ClnhZ(Ufl)tz(n—l)(h—l), (29)

N Gn(@ot" W)»1((h — @7 — 1) + k@ + m)at! " + 2b(h — Dt " — 3) %
0=- Dohe (at + b) ’ (30

where a, b, n, m, k are metric potential constants, ®y, h, 1), C; are constants determining the scalar field behavior,
and e are arbitrary constants. In equation (27), the power-law form ®(f) = ®,t" for the scalar field is not assumed
arbitrarily but emerges as a consistent solution of the field equations within the chosen model. This behavior
naturally links the dynamics of the scalar field to the structure of the modified gravity framework under
consideration. The monotonic time dependence of @ reflects the interaction between the scalar field and the
geometric sector. Also, components of effective energy-momentum tensor are obtained in the following form:

0 1

0 = 72( pEY: (24a*(—1 + (m — D)k)kn*(at + b)> =2 + (e Coyn*(®oh)?1th =2 (at 4 b)*
a n

2
8(((7}14 + m’ 4+ m? — 3m)k> + (—2m® — 2m? + m + 3)k* + (%(m2 + m) + 7m? + 13m + 16)k

2 2
12— 6m — %(1 + m))a2 + @

((m?* — m)k — m — 1))a2kn4) + 8(at + b)‘”‘“) — P,

€29)
1 _ _
T = m(_lzaz(_l + (m 4+ Dk)kn?(at + b)>~2* — 4(at + b)*~*
—4((at + b2k + 4a’n2((m® + 4m® + Tm + 6)k* — (4m? + 10m + 13)k?
2 _ 2 2 _
G 12)<m4+ Dkt )az 4 (b7 + 2abt)( 41 - (m & Z)k))k)nz] + B, (32)
T? = T3 = B(1) (33)

In here, P(t) signs a function related to a dynamical component of general fluid matter. The obtained solutions
are given in equations (31)—(33), show that energy-momentum tensor can be considered general fluid matter
depend on bulk viscous fluid with neutrino such as

12

T,/ puiay = T i guikviscouskiuiay + T (Neutrino)
= diag[Pr, Py, By, —p] + diag[x, 0, 0, —xI. (34)

In here, components of the tensor for neutrino obtained from T, = x¢,£,,inwhich #,/”=1and £,u” =0. x
represents neutrino tension. In the present work, no explicit coupling between the neutrinos and the scalar field
is considered, and  is treated as a phenomenological parameter describing the tension associated with the
neutrino flux. From equations (31)—(34), we obtained energy density, radial pressure, viscosity contribution of
fluid and tension of neutrino in the following form:

1
2(at + b)*n*(1 — wi + 2wy)
+ (12a%kn2(mk — 1) + n2(at + b)? + 4(at + b)*~*)4(at + b)*~%*
+ (((=2m* — 4(m® — m?* + m) + 6)8k* + 3m>® + 4m?> + m — 8)16k>
+ ((t2 + 200(1 — m?) — 32m)4k> + (24 + (t? + 12)m)4k)a* + ((—m?t + t)k?
+ kmt)8a’b + ((—m? + 1)k? + km)4a?b*) n*), (35)

p= (@F" ¢ Ch=2 2 e C, (at + b




I0OP Publishing Phys. Scr. 100 (2025) 075227 E Eraslan et al

b)p:1<k<?2

k
Figurel.p(1<t<20,n=2,h=—1,y=Ci=e=a=b=1,w, = %, wy = w3 = %,n = (ﬁ) ,m=2).

Wi
Py =
2(at + b)*n*(1 — w; + 2w,)
+ (12a%kn?(mk — 1) + n(at + b)? + 4(at + b)>~2*)4(ar + b)2 2
+ ((=2m* — 4(m® — m* + m) + 6)8k* + Bm> + 4m? + m — 8)16k>
+ ((t* + 20)(1 — m?) — 32m)4k*> + (24 + (t* + 12)ym)dk)a* + (—m?*t + )k?
+ kmt)8a®b + ((—m? + 1)k? + km)4a*b*)n), (36)

(CI’ént(Zh’z)"hmfnn“Cl(at + b)4

w2
2(at + b)*n*(1 — wy + 2w,)
+ (12a%n?(mk — 1) + n(at + b)? + 4(at + b)> ) 4(at + b)> 2
+ ((—2m* — 4(m* — m* + m) + 6)8k* + 3m> + 4m* + m — 8)16k’
+ ((t2 4+ 20)(1 — m?) — 32m)4k* + (24 + (t* + 12)m)dk)a* + ((—m?t + t)k?
+ kmt)8a®b + ((—m?* + 1)k? + km)4a*b*)n*), (37)

Py=Py = DP(t) = (D"t enntCy (at + b)*

1
2(at + b)*n*(l — w; + 2w,)

2
— 48n2(((%(1 + (Wi + Dm— w + 2wz))k2 - %(m + Dk + %)az + %(b2 + Zabt))

(D5 1= ennCy(wy — wy)(at + b))

x (at + b)> 2k £ 2n2Quw, — (w; + 1)) (at + b)* 2

4 21,2
+ (” “8b oy "Tbt)(((wl b Dt 2w+ 2)(m — Dk — (@ + Dm 4 (1 — w) + 2w)

+ 16(((m — l)kz((m2 + 2m + 3)(%@1 + Dm + w, + 1) — (W + wy + 2)ym?

1 t?
+ (2(4)1 + 3LU2 + S)m + wy + 1)) + ((5(3 —|— T(wl —|— 1) + 7w1 — 4w2))m2

2 2
¥ %(3 " %(1 — w4 2wy) + 13w — 10w)) + 8wy — % — 1w, — 3)k
2
+ 3wy, — w)(m + 2) — %((Wl +Dm — 1 — 2w, + wl))azk — 8(w; + 1)(at + b)‘*“”‘) (38)

where diag[Pg, Py, Py, — pl = diaglw, w>, w3, — 1]pand w; denotes the directional equation of state parameters
along each spatial direction in the anisotropic Kantowski-Sachs geometry. It is seen from equation (36) that w,
and ws are obtained as equal to each other.

The evolution of p with time and the constant k is graphed in figure 1. In figure 1, it is obtained the density
time graph for three different k values. As can be seen in the graphs, the k value has an effect on whether the
density is positive or negative. In figure 1(a), density takes positive values when the k value is between 0 and 1.
When the value of k is negative, density is in the positive area only for the values of —0.5 and —1. In figure 1(b), at
the beginning of time, the density always takes negative values. When density reaches positive values, it has a
maximum then decreases with time and approaches zero. In figure 1(c), as the k value approaches 3, the density
takes positive values. While it has a maximum value at the beginning of time, the density decreases over time.
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-iﬂ'\ll?—‘
Poit) Pyit)
alt) Py ”
— 100000
Pole) 4000
—~ 150000
200

—~ 200000

@) Pr:—3<m<3 (b)Pg=PFPy:-3<m<3

k
Figure2.Pp and Py=P,(1 <t<20,n=2,h=—-1,0=Ci=e=a=b=1,w, = %, wy = w3 = %,n = (m) ,k=3).

k
Figure 3. Neutrino (0 < t<20,0<m<3,1=2,h=—1,8,=Ci=c=a=b=1,w = S, w, = L,n = (ﬁ) k=3).

The evolution of Pg, Pyand P, with time and the constant m is graphed in figure 2. In figure 2, Prhas a
maximum at the beginning of time but it has negative values when m approaches 3. For other choices of m, Py is
decreases with time and approaches zero. Also, it has a singular point around m = 2.5. For Pgand P, they have a
maximum at the beginning of time and then approach zero with time, as well.

The evolution of Neutrino tension, x with time and the constant m is graphed in figure 3. It is seen that
neutrino tension has a maximum in the beginning when m approaches to 3. The neutrino tension decreases both
with time and as the m approaches zero.

The volume scale factor for the Kantowski-Sachs spacetime relationship between them is defined as follows:

V=8 = AB? = n""(at + b)m 2k (39)
where Sis the average of the scale factor and A, B are metric potentials. Scale factor:
S = (ABY)3 = (n"™+2(at + b)m+2kys (40)

As itis known, the average Hubble parameter is given as follows:

S 1 1(A B Dk
H=—=—(HI+H2+H3)=—(—+2—)=M (1)
S 3 3\A B 3(at + b)
H,, H, and H; indicate directional Hubble parameters along axes. Directional Hubble parameters for
Kantowski-Sachs space-time are taken as H; = 4 and H,=H; = 5 Asitisknown, that scalar expansion,
sheer scalar and anisotropy parameters are given as follows, respectively:
/ /
@:3H:l(£+2£)zw (42)
3\A B at+b
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3

Figure4. Hand© (0<t<10,n=2,h=—-1,0y=Ci=e=a=b=1,w = %, wy = %,n = (m

k
) k=3, m=2).

2 2 17 g r2 200 — 1)2%2
Uzleizie_:lA_JrzB_szBfB_:M (43)
2 3 3 A B AB B 3(at + b)?
13 (Hi — H)2
D (44)
where, H;is directional Hubble parameters. Taking into account the average of the scale factor given by
equation (40), the deceleration parameter is defined as follows:
/! —
_ S8 i(i) o3 mt 2k (45)
S§?  dt\H (m+ 2)k

The deceleration parameter (g) provides us with various explanations about expanding universe; A positive g
indicates a slowing down phase, while a negative g indicates the acceleration phase of the Universe. The evolution
of the Hubble parameter and scalar expansion for some selection of constants are represented in figure 4. Hubble
parameter and scalar expansion have a maximum at the beginning of time and then approach zero with time.

Also, the deceleration parameter is attained as g = — 3 /4 for the same selection of constant in the solutions. This
interval describes a physically realistic regime supported by current cosmological observations, where the
expansion is accelerating but not dominated by a pure cosmological constant. Therefore, the choice of g = —%

in the present model reflects a scenario compatible with this observationally favored range, providing a
consistent description of cosmic acceleration. Also, Hubble parameter and deceleration parameter are examined
together, they reflects a cosmological model in which the Universe is expanding at an accelerating rate in the
beginning and then it reaches a state where its expansion slows to a halt, leading to a potentially static or
contracting future. Shear scalar for the constructed model is positive and it approaches zero with time. It can be
related that space-time is passing from an anisotropic expansion to a more isotropic state. At the same time, the
anisotropy parameter is obtained as zero. It means that the constructed model has become isotropic at the
current or final stage of it.

In the study of space-time geometry, energy conditions play a crucial role in understanding the physical
implications of gravitational theories. These conditions, which are derived from the properties of matter and
energy, help to determine the possible structures of space-time and the behavior of gravitational fields. Energy
conditions impose restrictions on the stress-energy tensor, which describes the distribution and flow of energy
and momentum. By analyzing these conditions, it is possible to gain insights into the nature of singularities, the
stability of space-time configurations, and the viability of various cosmological models. In the presence of
perfect fluid in the effective gravitational field, the energy conditions are classified depending on effective
pressures and effective density. By using equations (13)—(16) with equations (25)—-(30), one gets effective
components of an energy-momentum tensor as follows:

8
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eff 2 2 t*) , , bta b’ 2,4
p? = 16| (m* + 6m + 5)k +(727m)k+2 a +7+I (at + b)*n
2 2 t*) , , bta b’ 2k 2.2 1) 6
X || (m* + 2m + 3)k —|—(—2—m)k—|—Z a +7+Z (at + b)** + 32k%a m—i—z n
2 2\?
X ((m2+2m+3)k2+(—2 - m)k—f—tz a2+b% +bz (at + b)*
22k 2
+ 32(at + b)‘{% + nz(((mz + 3m + g)k2 + (=2 — m)k + tz)az
2 2 2
+ bia + b—))/16(n2(((m2 +2m + 3)k* + (-2 — mk + t—)cﬂ + bia + b—)(at + b)*
2 4 4 2 4
+(at + b)®(at + b)*n?
(46)
2 2
P;;ff = —16(((m2 +2m + Dk + (=6 — m)k + tz)az + bta + %)(at + b)*n*

bta

2 2
X (((m2 +2m + 3)k* + (=2 — m)k + tz)az + — + %)(ut + b)* — 48ka*n®

, , 2, bta bY 2 “
X || (m* + 2m + 3)k +(—2—m)k+za+7+1 k—g(at—kb)

(at + b)2~%*

2
— 32(at + b)“( + nz(((mz +2m + %)k2 +(—m — 3k + %)az

2 2 2
+ bta + %))/16(712(((1112 + 2m + 3)k* + (=2 — m)k + %)az + % + %)(m + b)*

+(at + b)>*(at + b)*n?

(47)
P = P = —(ka2((m* + m + Dk — D(n*((m* + 2m + 3)k* + (=2 — m)k
t2) ,  bta b ’ 4k 20,2 2 2
+I a +7+I (at + b)** + 2(at + b)*(n*((m* + 2m + 3)k* + (-2 — m)k
2 2 2
+ tz a? + b% + % (at + b)* + @))]/16(712((@12 + 2m + 3)k* + (=2 — m)k
2
2 2
+ tz a? + b% + % (at + b)* + (at + b)z] (at + b)*n?
(48)

The evolution of effective energy-momentum tensor components is represented in figure 5. Effective energy
density has a maximum at the beginning of the time and decreases with time. Effective pressure components get
negative values in the model. They have a minimum at the beginning of the time and are approaching zero with
time. The behavior of all components for effective matter form indicates exotic matter form. In this case, it
would be useful to examine the energy conditions for the model constructed by taking into account the effective
matter distribution. Energy conditions are classified as null energy condition (NEC), weak energy condition
(WEC), dominant Energy Condition (DEC) and Strong Energy Condition (SEC) in the following form:

NEC: {pf + PF >0, pf +PF >0, p7 + P >0. (49)
pf >0,

WEC: (50)
o +PF >0, pf +pPF >0 pF+PF >0

pf >0,
DEC: o o of Q)
p —IPF1 =0, pf — PP >0, pF —|Pd| > 0.
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e 1P+ PI =0, pf+PF >0, pf+PJ >0, 2
o4+ PF + P 4+ P > 0.

By using equations (46)—(52), we represented the evolution of energy conditions with time in figures 6, 7

and 8. In figure 6, NEC is satisfied for all components of effective energy momentum tensor. It has a maximum at
the beginning of the time and approaches zero with time. In figure 1(c), it is seen that the effective energy density
has a positive value in the case of f= 3. If we consider figures 1(c) and 5, they indicate that WEC is satisfied for the
constructed model, as well. Also, DEC s satisfied by considering figures 1(c) and 7 together. It is seen that all the
conditions that must be met have a maximum and then approach zero. In figure 8, SEC is represented and

ol + P+ P;ﬁ[ + P(f;ﬁ condition is violated for constructed model. It means that the gravitational field
produced by a distribution of matter can lead to a scenario where gravity repels matter in a way that would allow

for certain exotic configurations.
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4. Conclusion

In this study, we investigate Kantowski-Sachs space-time in the presence of general fluid distribution in f(R,®,X)
gravity. The field equation of the model is constructed under the consideration of the hybrid f(R,®,X) function
including the Starobinsky-like model and k-essence function with canonical scalar fields. Under those
assumptions, we obtain solutions to the field equations. The obtained solutions in f(R,®,X) gravity sign that
considered general fluid could be viscous fluid with neutrinos. All unknown quantities are obtained for the
constructed model. In f(R,®,X) theory, the scalar field given by equation (27), is obtained as a function of time. It
has a maximum at the beginning of time and then approaches zero. To get a physically meaningful construction,
we analyze the evolution of energy density concerning time and constant, . It is shown that energy density can
get negative values for some selection of constant k. In the case of 2 < k < 3, energy density has a maximum at the
beginning of time and decreases with time and the selection of a smaller constant, k. The solutions indicate that
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Pyand P are equal in the fluid. Also, the evolution of Pg, Pyand P, with time and the constant, 1, are examined
for some selection of arbitrary constants. It is shown that Py has a negative maximum and approaches zero with
time, while Ppand P have a maximum and are approaching zero with time. Also, Py has a singular point, as well.
The fluid has attractive behavior in the direction of § and ¢, while it has repulsive behavior in the direction of r.
The evolution of Neutrino tension is examined for some selection of arbitrary constants. At the beginning of
time, Neutrino tension gets maximum value then it gets zero for t — co. The fact that the density of neutrinos
was high in the early universe and decreased over time may have caused the kinetic energy of the neutrinos to
decrease and therefore the energy density to decrease in the event of rapid expansion of space-time on a certain
axis. Simultaneously, the shear scalar o* decreases with time indicating isotropization of the space-time
geometry. The presence of bulk viscosity further supports this transition by acting as a damping mechanism for
anisotropic stresses. While the neutrino flux contributes as an independent energy component in the model, it
does not explicitly couple to the viscous sector. Therefore, the damping of anisotropies and the isotropization
process are attributed to the viscous effects of the cosmic fluid, which may play a supportive role during the
neutrino decoupling era.

For this purpose, we examine the kinematical quantities of the constructed model. In the constructed model,
we obtain the Hubble parameter and scalar expansion as a function that takes positive values and then
approaches zero for t — oo. Also, the deceleration parameter is obtained as a negative constant. They reflects a
cosmological model in which the Universe is expanding at an accelerating rate in the beginning and then it
reaches a state where its expansion slows to a halt, leading to a potentially static or contracting future.

Energy conditions play a crucial role in understanding the physical implications of gravitational theories.
Therefore, we analyze effective energy condition of the constructed model to understand the effect of not only
the material distribution but also the geometry of the dynamic structure. Effective distractions are attained for
the constructed model. In figure 5(a), effective energy density is attained as positive and approaches zero for
t— 00. Also, all components for effective pressures have negative values and approaches to zero for t — oo. Here
itis seen that when the matter distribution and the effect of the theory are taken into account together, the
distribution behaves like exotic matter. Energy conditions like NEC, WEC and DEC have maximum positive
values and then approach zero for t — oo, while SEC has a negative maximum and then approaches zero for
t— oo. It means that NEC, WEC and DEC are satisfied while SEC is violated for constructed model. The
violation of SEC arises naturally due to the negative effective pressure generated by the bulk viscous fluid and
scalar field dynamics. This behavior is consistent with many dark energy models and inflationary scenarios,
where the violation of SEC is considered a necessary condition for accelerated expansion [34]. In our solutions,
the deceleration parameter remains negative with g = — %, indicating accelerated expansion, while the Hubble
parameter remains positive and decreases over time toward zero. This behavior reflects the SEC violation as a
physical requirement for sustaining cosmic acceleration without introducing a cosmological constant.
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